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fN| ■ Abstract 

■ We prove a HVZ theorem for a general class of no-pair Hamiltonians 

describing an atom or positively charged ion with several electrons in the 
presence of a classical external magnetic field. Moreover, we show that 
there exist infinitely many eigenvalues below the essential spectrum and 
that the corresponding eigenfunctions are exponentially localized. The 
' novelty is that the electrostatic and magnetic vector potentials as well as 

a non-local exchange potential are included in the projection determining 
^Cj . the model. As a main technical tool we derive various commutator 

, estimates involving spectral projections of Dirac operators with external 

fields. Our results apply to all nuclear charges Z ^ 137. 

Keywords: Dirac operator, Brown and Ravenhall, no-pair operator, 
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1 Introduction 

m 

00 | The relativistic dynamics of a single electron moving in the potential of a 

static nucleus, Vc ^ 0, in the presence of an external classical magnetic field 
B = curl A is generated by the Dirac operatoi0 

Jh ; D Ayc := a ■ HV + A) + V c . (1) 

Here an electron is a state lying in the positive spectral subspace of -Da, v c • A 
ground state of the one-electron atom modeled by Da,v c can be characterized 



1 Energies are measured in units of mc 2 , m denoting the rest mass of an electron and 
c the speed of light. Length are measured in units of fi/(mc), which is the Compton wave 
length divided by 2n. H is Planck's constant divided by 2ir. In these units the square of the 
elementary charge equals the fine structure constant, e 2 w 1/137.037. 
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as an energy minimizing bound state of the restriction of -Da,v c to its positive 
spectral subspace, A\ Vc L 2 (R 3 , C 4 ), where 

A Xv c = 2 + \^< D Ayo)- (2) 

This is confirmed by Dirac's interpretation of the negative spectral subspace as 
a completely filled sea of virtual electrons which, on account of Pauli's exclusion 
principle, forces an additional electron to attain a state of positive energy. On 
the other hand it is well-known that there is no canonical a-priori given atomic 
Hamiltonian generating the relativistic time evolution of N > 1 interacting 
electrons in the potential landscape of Vq under the influence of B. Guided 
by non-relativistic quantum mechanics one might naively propose to start with 
the formal expression 

N 

3=1 l^j<k^N 

where the superscript (J) means that the operator below it acts on the j th 
electron and Wjk ^ is the interaction potential between the j th and k th elec- 
tron. It then turns out, however, that (jHJ) suffers from the phenomenon of 
continuum dissolution, that is, the eigenvalue problem associated to (J3j) has no 
normalizable solutions [35] . A frequently used ansatz to find a reasonable and 
semi-bounded Hamiltonian for an A^-electron atomic system again incorporates 
the concept of a Dirac sea. Namely, one projects © onto the AT-fold antisym- 
metric tensor product of a suitable one-electron subspace, i.e., one considers 
operators of the form 

N 

3=1 l^j<k^N 

where 

N 

A tv ■= ® AXv • ( 5 ) 

3=1 

Here v is defined as in (|TJ) &; (J2|) but with Vq replaced by a new potential V. 
We emphasize that if at can formally be derived from quantum electrodynamics 
by a procedure that neglects the creation and annihilation of electron-positron 
pairs [34], the latter being defined with respect to A\ v . Therefore, operators 
of the form (|4]) are often called no-pair Hamiltonians. Obviously, the question 
arises how to choose the new potential V determining the projection (jSJ) or, in 
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other words, how to fix the Dirac sea for one electron in the presence of the 
others in a physically efficient way. Various possibilities are discussed from a 
physical and numerical point of view in [3"H |3"5] . The choice V = is refered to 
as the free picture, or Brown- Ravenhall model [9]. (Hi is also sometimes called 
the Bethe-Salpeter operator in this case [7].) It has by now been studied in 
many mathematical works [2l[3lll[5l[l0l[Il[IHl[I71[^ 

EHl ES] • This is due to the fact that the free projection, Aq , can be calculated 
explicitely both in momentum and position space [21 EO]- The stability of 
the second kind in the free picture with quantized electro-magnetic field (also 
included in the projection) is treated in [26]. The free picture is considered as 
one extreme case in a family of intermediate pictures. The opposite extreme 
case, called the Furry picture, is given by substituting the (negative) Coulomb 
potential Vc for V. Other members of that family are obtained by choosing 
V to be equal to Vq plus some additional positive and in general non-local 
operator. The additional non-local term may incorporate the interaction with 
the remaining electrons and also take vacuum polarization effects into account; 
compare [19J where similar projections appear in a somewhat different setting. 
We remark that the Furry and intermediate pictures give better numerical 
results in comparison to the free picture [HH EE] . 

In this paper we do not aim to contribute to the subtle question of opti- 
mizing the choice of V. Rather we consider a general class of potentials which 
can be written as V = Vq + Vu + Ve, where Vq may have several Coulomb- type 
singularities, Vh is a bounded potential function vanishing at infinity, and Ve is 
a compact non-local operator that behaves nicely under conjugation with ex- 
ponential weights. Our goal then is to establish some basic qualitative spectral 
properties of H N . First, we show that H N is well-defined on a natural dense 
subspace (which is not obvious) and, thus, has a self-adjoint Friedrichs exten- 
sion. We further locate its essential spectrum and, assuming that the number 
of electrons does not exceed the sum of all nuclear charges, we prove that there 
exist infinitely many eigenvalues below the ionization threshold. Moreover, we 
show that the corresponding eigenfunctions are exponentially localized. Our 
results apply to all nuclear charges Z ^ 137. The 'easy part' of the HVZ theo- 
rem, i.e., the upper bound on the ionization threshold holds for a certain class 
of possibly unbounded magnetic fields. The 'hard part', i.e., the lower bound 
on the ionization threshold as well as our results on existence of eigenvectors 
and their exponential localization are derived for bounded magnetic fields. 

As an essential and novel technical input, necessary to obtain any of the 
results mentioned above, we derive various commutator estimates involving 
the spectral projection A\ v , exponential weights, and cut-off functions. They 
describe the non-local properties of v in an L 2 -sense and might be of inde- 
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pendent interest. 

We remark that our commutator estimates would also allow to analyze the 
Hamitonian in the free picture proceeding along the discussion of the Furry 
and intermediate pictures presented here. There would, however, appear a 
subtlety right in the beginning of the analysis: Namely, for vanishing magnetic 
fields, it is known that the one-particle Brown-Ravenhall operator is stable if 
and only if Z ^ Z c := ^ 2 /Tr)+(n/2) ~ 124.2 [Hj. For non-zero magnetic fields, 
such a critical value for the nuclear charge is not known in general [2Z] and 
one had to study this question first or to introduce the existence of a critical 
nuclear charge for Hi as a hypothesis. What is known is that in the presence 
of an exterior 5-field one must include the vector potential in the projection 
for otherwise the model is always unstable if N > 1 [18]. (More precisely, the 
sum of the quadratic form and the field energy is unbounded from below if the 
magnetic field is also considered as a variable in the minimization.) 

Finally, we comment on some closely related recent work. In the free picture 
and for vanishing exterior magnetic field, an HVZ theorem and the existence 
of infinitely many eigenvalues below the essential spectrum have been proved 
in [30], for nuclear charges Z ^ Z c . The case N = 2 is also treated in [22]- A 
more general HVZ theorem that applies to different particle species and a wider 
class of interaction potentials and exterior fields in the free picture has been 
established very recently in [28J. Moreover, the reduction to irreducible repre- 
sentations of the groups of rotation and reflection and permutations of identical 
particles is considered in [2H]- The exponential localization of eigenvectors in 
the Brown-Ravenhall model is studied in J2H] improving and generalizing ear- 
lier results from [2]. In all these works the authors employ explicite position 
space representations of Aq" . An HVZ theorem in the free picture with con- 
stant magnetic field is established in [23] again using explicite representations 
for the projection based on Mehler's formula. By employing somewhat more 
abstract arguments we are able to study commutator estimates for a wider class 
of projections in this paper. 

The article is organized as follows. In Section [2] we introduce our mathematical 
model precisely and state our main theorems. Section [3] is devoted to the study 
of some non-local properties of v expressed in terms of various commutator 
estimates which form the basis of the spectral analysis of H^. In Section |4] 
we derive the exponential localization estimate for and in Section [5] infer a 
lower bound on the threshold energy. Section [U] deals with Weyl sequences and, 
finally, in Section [7| we show that H N possesses infinitely many eigenvalues be- 
low the threshold energy. The main text is followed by an appendix containing 
the proofs of some results of Section El 
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Some frequently used notation. Open balls in R 3 with radius R > and center 
z G R 3 are denoted by Br(z). Spectral projections of a self-adjoint operator, 
T, on some Hilbert space are denoted by E\(T) and Ej(T), if A 6 R and / is 
an interval. T>(T) denotes the domain of the operator T and Q(T) its form 
domain. The characteristic function of a subset M. C R n is denoted by !». 
C, C, C", . . . denote constants whose values might change from one estimate to 
another. 

2 The model and main results 

In our choice of units the free Dirac operator reads 

3 

D := — i a ■ V + (3 := —% ^ ctj d Xj + (3 . 

3=1 

Here a = (01,02,03) and j3 =: Oo are 4x4 hermitian matrices which satisfy 
the Clifford algebra relations 

{ai, aj } = 2Sijl, 0^i,j^3. (6) 

In Dirac's representation, which we fix throughout the paper, they are given as 

where 01, 02, 03 are the standard Pauli matrices. Do is a self-adjoint operator 
in the Hilbert space 

:= L 2 (R 3 ,C 4 ) 

with domain if 1 ([R 3 , C 4 ). Its spectrum is purely absolutely continuous and 
given by the union of two halflines, 

a{D Q ) = a ac (D ) = (-00, -1] U [1, 00) . (7) 

Next, we formulate our precise hypotheses on the exterior electrostatic potential 
Vq and on the potential V determining the Dirac sea. We think that, at least 
with regards to the commutator estimates in Section El it is interesting to keep 
the conditions on Vc and V fairly general. 

1 Hypothesis. There are a finite set y C R 3 , ^y < 00, such that Vc € 
L^ C (IR 3 \ y, Jzf(C 4 )) is almost everywhere hermitian and 

\\V c (x)\\ — ► 0, |x| ^00. (8) 
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Moreover, there exist 7 G (0, 1) and e > such that the balls B E (y), y E~y , are 
mutually disjoint and, for < |x| < e and y G y, 

\\Vc(y + x)\\ ^ . (9) 

2.1 Example. The main example for a potential satisfying Hypothesis [T] is 
certainly the Coulomb potential generated by a finite number of static nuclei, 

Wx) = -EA 1 ' xeR 3 \y. 

In this case the restriction on the strength of the singularities of Vq imposed 
in Hypothesis [T] allows for all nuclear charges, Z y G N, Z y ^ 137, for y G y. □ 

2 Hypothesis. V = V c + Vr + Ve, wiere V'c fulfills Hypothesis^ and Vh G 
L^ C (R 3 , Jzf (C 4 )) is an almost everywhere hermitian matrix-valued function drop- 
ping off to zero at infinity, 

\\Vu(x)\\ — ► 0, |x| -»• 00. (10) 

Ve is compact and has the following property: There exist m > and some 
increasing function c : [0, m) — > (0, 00) such that, for every F G C l (R 3 , R) with 
|VF| < a < m, 

V^^MO.l]): || [e F ^ E e- F , X ] || < c(a) ||V X ||oo , (11) 

\\[V E ,e F }e- F \\ ^ c(a) || VFIU, (12) 
lim II 1r3\b h ( ) e F V E e~ F 1^\b r (o) \\ = 0. (13) 

2.2 Example, (i) Possible choices for Vh and Ve satisfying the conditions of 
Hypothesis [5] are the Hartee and non-local exchange potentials corresponding 
to a set of exponentially localized orbitals cpi, . . . , cp^ G Jf?, \cpi(x)\ ^ C e~ m ^, 
1 ^ i ^ M, for some C G (0, 00). Their Hartee potential is given as 

M 

V H (x) := e 2 ^(|^| 2 * n )(x), x G R 3 . 

i=l ' ' 

It incorporates the presence of M electrons in a fixed state into the Dirac sea 
by a smeared out background density. The exchange potential corresponding 
to ipi, . . . , ifM is the integral operator with matrix- valued kernel 

V B ( X ,y) := 



1=1 



F - 2/1 
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It is a correction to the Hatree potential accounting for the Pauli principle. In 
the sense of quadratic forms it then holds Vc^V = Vc + Vh + Ve^O, which 
justifies the notion 'intermediate picture'. 

(ii) More generally, we may set := g * \ ■ for some < q e L x nL 5 / 3 (R 3 ). 
In this case we find some C G (0, oo) such that ^ Vh ^ C/\ ■ |. Moreover, 
standard theorems on integral operators show that every kernel with values in 
the set of hermitian (4 x 4)-matrices satisfying 



\Vv(x,y)\\ < C 



e -m\x-y\ 



x)p\x - y\{y)p ' 



for some m,p,C > 0, yields a compact operator satisfying the conditions of 
Hypothesis El □ 



As a first consequence of Hypothesis [2] we find, for every locally bounded 
vector potential A : R 3 — > R 3 , a distinguished self-adjoint realization of the 
Dirac operator 

D A .y = a ■ (-iV + A)+f3 + V, 

whose essential spectrum is again contained in (— oo, — 1]U[1, oo); see Lemma 
below, where we recall some important well-known facts on Dirac operators 
with singular potentials. Therefore, it makes sense to define the spectral pro- 
jections, 

A A,V := E [e 0< oo)(D A y) , A^y := 1 ~ A\ y , (14) 

where 

e e g(D Ay ) n (-1, 1) . (15) 
For later reference we introduce the parameter 

A := min{ 1 - e , e + 1 } . (16) 

Many of our technical results on D A y, for instance, various commutator es- 
timates of Section [S] hold actually true under the mere assumption that the 
components of A are locally bounded. Of course, if not all eigenvalues of D A y 
are larger than —1 and eo is chosen between —1 and the lowest eigenvalue, the 
physical relevance of the iV-particle Hamiltonian becomes rather question- 
able. We remark that such situations are not excluded by our hypotheses. For 
instance, if Vq is the Coulomb potential and the intensity of a constant exte- 
rior magnetic field is increased, then the lowest eigenvalue of D A Vc eventually 
delves into the lower continuum |13j . Nevertheless, our theorems hold for any 
choice of eo as in ( ITBT) . 
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In order to define the atomic no-pair Hamiltonian precisely we first set 

N 

8=1 

where A A ' y is given by © and ([HD. We let W : R 3 x R 3 -> [0, oo] denote the 
interaction potential between two electrons. 

3 Hypothesis. There is some 7 > such that, for all x, y G R 3 , x ^ y, 

^ = W(y,x) < 7|x-y| -1 . (17) 

When we consider N electrons located at Xi, . . . , xjy G R 3 we denote their 
common position variable by X = (x±, . . . ,xn)- Furthermore, we often write 
Wjk for the maximal multiplication operator in induced by the function 
(R 3 )-^ 9Ih W(xj, Xk)- For iV G N, we introduce a symmetric, semi-bounded 
operator acting in Jf^ by 

N 

V(H N ) := A%v@N, $> N :=<g)@, @ := C °°(R 3 ,C 4 ), (18) 

N 

H N $ := A a]v ( Yl D A,V C + ^) A ^ $ ' $eI3 ™-( 19 ) 

i=l l^i<j<AT 

2.3 Proposition. Assume that V fulfills Hypothesis^ W fulfills Hypothesis^ 
and that A G L£ C (R 3 , R 3 ) satisfies ||e- To|x| A||oo < 00, for some < r < 
min{A ,m}. Then the operator H N given by (TT8j) and (TT9j) is well-defined, 
symmetric, and semi-bounded from below. 

Proof: The only claim that is not obvious is that Wij A^'y <j) is again square- 
integrable, for every G SW. This follows, however, from Corollary 13.101 ■ 

We denote the Friedrichs extension of H N by H N . Note that we do not 
require the elements in the domain of H^ to be anti-symmetric since in our 
proofs it is convenient to consider Hn as an operator acting in the full tensor 
product. Of course, in the end we shall be interested in the restriction of 
Hn to the anti-symmetric (fermionic) subspace of Jrff^ . We denote the anti- 
symmetrization operator on J4? N by An, 

(A N $)(X) = ^ sgn(a)$(a; (T(1) ,...,x (T(J v ) ), (20) 
' o-e6]v 
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where ©n is the group of permutations of {1, . . . , N}, and define the no-pair 
Hamiltonian by 

Our first main result is the following theorem, where 

g$ := M(t(HA), JVeN, g£ := 0. (21) 

2.4 Theorem. (Exponential localization) Assume that V and W fulfill 
Hypotheses^ and\Q respectively. If A G C 1 ([R 3 , R 3 ) and B = curl/1 is bounded 
and if I C R is an interval with sup / < $$-1 + 1? then there exists b G (0, oo) 
such that Ran C V(e b ^) and 

\\e b WEj(H$) || < oo. 
Proof: This theorem is proved in Section HI ■ 

2.5 Remark. In the case N — 1 the assertion of Theorem 12.41 still holds 
true under the assumptions of Proposition 12.31 This follows from the proof 
of Theorem 12.41 In fact, for iV = 1, we do not have to control error terms 
involving the interaction W which is the only reason why B is assumed to 
be bounded in Theorem 12.41 If also V = Vq, then we obtain an exponential 
localization estimate for an eigenvector, <f>E, with eigenvalue E G (—1,1) of 
the Dirac operator Da,v c - The estimate on the decay rate which could be 
extracted from our proof is, however, suboptimal due to error terms coming 
from the projections; see also [6] for decay estimates for Dirac operators. □ 



Next, we introduce a hypothesis which is used to prove the 'easy part' of 
the HVZ theorem below. 

4 Hypothesis, (i) For every A ^ 1, there exist radii, 1 ^ Ri < R2 < ■ ■ ■, 

R n /" 00, and ?pi,?p2, such that 

lhMI = l, supp(^ n ) C R 3 \^ n (0), lim ||(LU-A)^J| = 0. (22) 

n^oo 

(ii) A G C 1 (R 3 , R 3 ) and B = curM has the following property: There are 
b\ G (0, 00) and ^ r < min{ A , m} (m and A are the parameters appearing 
in Hypothesis^ and (IToT) ) such that, for all 1,1/6 R 3 , 

I B{x) - B(y) I ^ h e Tlx ~ yl . (23) 
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2.6 Example. ( [20J ) We recall a result from |20j which provides a large class 
of examples where Hypothesis |4ji) is fulfilled: Suppose that A G C°°(R 3 , R 3 ), 
B = curM, and set, for x G R 3 and v G N, 

e {x) := LB far) , eJx) — 



1 + E H <J^(^)I 

Suppose further that there exist f G N , zi, z 2 , ■ ■ ■ & R 3 , and pi, p 2 , ■ ■ ■ > such 
that p n /" oo, the balls £> PlI (z n ), n G N, are mutually disjoint and 

sup { e v {x) | x G £ Pn (z n ) } — > , n —> oo . 

Then there is a Weyl sequence, ipi,ip2, ■ ■ that satisfies the conditions of Hy- 
pothesis BJi). □ 



The fact that the additional assumption of Part (ii) of the next theorem 
yields a lower bound on the ionization threshold is an observation made in [16] 
for Schrodinger operators. 

2.7 Theorem. (HVZ) Assume that V and W fulfill Hypotheses and H 
respectively. Then the following assertions hold true: 

(i) If Hypothesis^ is fulfilled also, then a ess (H$) D [^-i + 1 > °°)- 

(ii) Assume additionally that, for every interval I C R with sup I < ^^-i + 1> 
there is some g G C(R, (0, oo)) such that g{r) — > oo, as r — > oo, and 
<?(LY|) £,(#$) G JgfGAjvJ^r). Then aUHfi) C [^ + 1,00). In 
particular, this inclusion is valid if A G C 1 (IR 3 ,IR 3 ) and i? = curM is 
bounded. 

Proof: (i) follows directly from Lemma 16.31 and (ii) follows from Theorem 15.11 
and Theorem 12.41 ■ 

To show the existence of infinitely many eigenvalues below the bottom of 
the essential spectrum of H$ we certainly need a condition on the relationship 
between Vq, W, and the magnetic field. To formulate it we set, for 8, R > 0, 

S S (R) := {x G R 3 : (1 -5)R ^ \x\ ^ (1 + 5) R} (24) 

v+(5, R) := sup sup ( v I V c (x) v ) 4 . (25) 
xeSs(R) M=i 
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5 Hypothesis, (i) V fulfills Hypothesis® 
(ii) A G (^(R 3 , R 3 ) and B = curL4 is hounded. 

(in) There exist radii 1 ^ R\ < R2 < . . ., Rn /* 00, some constant 5 G 
(0, l/N), and a sequence of spinors, ip2, with vanishing lower spinor 

components, ip n = (ip n ,i, ipn,2, 0, 0) T , n G N, such that 

||V> n || = l, supp(^„) C {Rn < \x\ < {1 + 5/2) R n } , 2R n ^ R n+ i , 

(26) 

for all n G N, and 

\\(D A -l)^ n \\ = (D(l/R n ), n^oo. (27) 

(iv) W fulfills Hypothesis^ and, for every 5 G (0, -k), we find some e G (0, 1) 
such that 

limsupi? n (v*(6, Rn) + (N — l) sup W(x,y)j < 0. 

2.8 Example. V = V c + V u + V E and W fulfill Hypothesis E{i) and (iv), if 
Vq is given as in Example 12.11 with J2 y ey Z y ^ N, Vu and Ve are given as in 
Example I2.2( i) or (ii), and W is the Coulomb repulsion, W(x, y) = e 2 /\x — y\. 

Hypothesis E^iii) is fulfilled under the following strengthened version of the 
condition given in [20]: Suppose again that A G C°°(R 3 , R 3 ), B = curLA, and 
let B Pn (z n ) denote the balls appearing in Example 12.61 Suppose additionally 
that there is some C G (0, oo) such that p n < \z n \ ^ C p n , for all n G N, and 
that either 

sup { \B(x)\ : x G B Pn (z n ) } C/\z n \ 2 , JiGN, 

or 

V n G N : \B(z n )\ ^ 1/C and sup { e u (x) \ x G B Pn (z n ) } = o{p~ u ) . 

Then we find a Weyl sequence ipi,ip2, ■ ■ ■ satisfying the conditions in Hypoth- 
esis E^ifi). This follows by inspecting and adapting all relevant proofs in |20j . 
We leave this procedure to the reader since it is straightforward but a little bit 
lengthy. □ 

2.9 Theorem. (Existence of bound states) Assume that V, W, and A 
fulhll Hypothesis Then H$ has infinitely many eigenvalues below the in- 
fimum of its essential spectrum, inf a ess (H$) = + 1- 

Proof: This theorem is proved in Section UJ ■ 
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3 Spectral projections of the Dirac operator 



In this section we study spectral projections of Dirac operators with singular 
potentials in magnetic fields. We start by recalling some basic well-known facts 
about Dirac operators in Subsection 13.11 A crucial role is played by the resol- 
vent identity stated in that subsection which applies to Coulomb singularities 
corresponding to nuclear charges up to Z ^ 137. In Subsection 13.21 we derive 
some norm estimates on resolvents of Dirac operators which are conjugated with 
exponential weight functions. We verify that the decay rate is not smaller than 
the distance of the real part of the spectral parameter to the essential spectrum. 
The simple Neumann-type argument we employ to prove this for non- vanishing 
electrostatic potentials might be new. In Subsection 13.31 we derive the main 
technical tools of this paper, namely, various commutator estimates involving 
spectral projections of singular Dirac operators. Finally, in Subsection 13.41 we 
study the difference of projections with and without electrostatic potentials. 

3.1 Basic properties of Dirac operators with singular po- 
tentials in magnetic fields 

In the next lemma we collect various well-known results on Dirac operators 
which play an important role in the whole paper. To this end we let H* := 
i/*'(IR 3 ,C 4 ) denote all elements of H s : = iJ s (R 3 ,C 4 ), s G R, having compact 
support. Moreover, we denote the canonical extension of Do to an element 
of Jtf^H 1 / 2 , H^ 1 / 2 ) by D . It shall sometimes be convenient to consider the 
singular part of Vq, 

v&x) : = & - y) v ^) > x e r3 > ( 28 ) 

where g G C£°(IR 3 , [0, 1]) equals 1 on <B e / 2 (0) and outside B e (0). Here e 
is the parameter appearing in Hypothesis [TJ We let Vq(x) = S(x) \ Vq\(x) 
denote the polar decomposition of Vq(x). By Hardy's inequality we know 
that Vq is a bounded operator from i? 1 (IR 3 , C 4 ) to L 2 (R 3 , C 4 ). By duality and 
interpolation it possesses a unique extension Vq G Jzf (H 1 ^ 2 , if -1 / 2 ). Given 
some A G L™ C (R 3 , R 3 ) we set A s := (1 - 0) A, where G C£°(IR 3 , [0, 1]) is equal 
to 1 on some ball containing supp(V^). We let a ■ A s (x) = U(x) \a ■ A s (x)\ 
denote the polar decomposition of a ■ A s (x) and note that the operator sum 
D + a ■ A s + Vq is well-defined as an element of Jgf (# c 1/2 , H~ 1/2 ), for every 
A G L£ C (R 3 ,R 3 ). 
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3.1 Lemma. (P SH [32], [33]) Assume that A G L™ C (R 3 } R 3 ) and V c fulfills 
Hypothesis^ Then there is unique self-adjoint operator, D^sy*, such that: 

(i) V(D A . tV& ) C^/ C 2 (R 3 ,C 4 ). 

(ii) For all G Hl /2 (R 3 , C 4 ) and (f) G £>(Z> A s jV s) ; 

= <| J D o r /2 ^|sgn( J D o )| J Dor /2 0> 
+ (\a-A 8 \ 1 / 2 i/;\U\a-A s \^ 2 <p) + ( \V&\V 2 iJ> \ S \VS\ 1/2 (f> > . 

Notes: In [3"3l Proposition 4.3] it is observed that the claim follows from [8J 
Theorem 1.3] and j3D E2] • " ■ 

Consequently, we may define a self-adjoint operator, 

D A ,v := Da»,v*, + a-(A-A s ) + (V c - Vg) + V H + % (29) 

on the domain P(D^y) = V(Da* ,vg). Notice that in (T251 we only add bounded 
operators to D^yg. We state some of its properties in the following lemma 
where 

R A ,v{z) := {D A ,v-z)-\ zeg(D A y). (30) 

3.2 Lemma. (P HD [53]) Assume that A G L£.(R 3 , R 3 ) and that V ful- 
fills Hypothesis \2l Then the following assertions hold true: 

(a) 1b r (o) (Da,v — i)" 1 is compact, for every R > 0. 

(b) a css (D A y) = o- ess (D A ), ct(Da) C (-oo, -1] U [1, oo). 

(c) Da,v I s essentially self-adjoint on 

V e := { (f) G f/ c 1/2 (R 3 , C 4 ) : D (j> + a-A<i> + V£<t>e L 2 (R 3 , C 4 ) } (31) 

and, for <p G P e , -Da,v is given as a sum of four vectors in H~ x l 2 , 

D Ay <p = £> <f) + a-A<f> + V%4> + (V-V£)<f). 

Moreover, V e = V(D A ,v) n , where <f' denotes the dual space of C°°(R 3 , C 4 ). 
fdj For x G C£°(R 3 ) and G V(D A y), we have x<P G 2? e C and 

= -i(a- Vx)0 + [V E , 

In particular, for z G £>(.Da,v), 

[*,.Ra,v(z)] = (32) 
= ik,v(*)(-*(a-Vx)0+ [V e , X ])Ra,v(z). 

(e) If A is bounded, then V(D A ,v) C // 1/2 (R 3 , C 4 ). 
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Notes: Since Ve is compact it is clear that all assertions hold true as soon as 
they hold for Ve = 0, which we assume in the following. To prove (a) we write 

1 Bb (o) (Dw-i)- 1 = (la^lDol-^dDol^xiD^v-i)- 1 ), 

where \ e C^(R 3 , [0, 1]) equals 1 in a neighbourhood of Br(0). Then we use 
that 1b k (o) l-Dol" 1 ^ 2 is compact and that 1-Dol 1 ^ 2 X (Da,v — i)' 1 is bounded by 
Lemma 13.11 and the closed graph theorem. By standard arguments we obtain 
the identity cr ess (DAy) = o- css (Da) from (a) since V drops off to zero at infinity; 
see, e.g., [36, §4.3.4]. The inclusion a (Da) C (— oo, — 1] U [1, oo) follows from 
supersymmetry arguments; see, e.g., [Ml §5.6]. The assertions in (c) follow 
from [8, §2], (d) follows from [HI Lemma G], and (e) from [31]. ■ 

Next, we recall the useful resolvent identity ( 1331 (see, e.g., [El HQ]) which is 
used very often in the sequel. The vector potential A in (|33|) could for instance 
be the gradient of some gauge potential or just be equal to zero. We recall 
another well-known resolvent identity [3T] in the beginning of Appendix |A] 

3.3 Lemma. Assume that V fulfills Hypothesis^ and that A, A e L^ C (R 3 , R 3 ). 
Let V be either (given by (EH}) or 0, let z G q(D Av ) n q(D a ,v) and 
X G C°°(R 3 , R) be constant outside some ball in R 3 , and assume that (Vc — V) x 
and a ■ (A — A) x are bounded. Then 

xRa,v(z) = xRa,v( z ) + R Ay( z ) ia ' ( V X> ( R Ay( z ) ~ R A,v(z)) 

- R Xy (z) x {V - V + a ■ (A - A)) R Ay (z) . (33) 

Proof: Let G V e := {ip G H l J 2 \ D if; + a ■ A + Vip G L 2 }. Since X can be 
written as x — c + f° r some c G IR and i? G C^(R 3 , R), Lemma l3~2T c)fe(d) 
imply that X'P G T> e . By the definition of D e in ( !3T|) and the assumptions on 
X it further follows that X0 G £> e C X>(Z?a,v) and 

Djtf X <!> = Da,vX<P+ {-V + V-a-(A-A)} X <t>. 
Therefore, we obtain 

i R A,v( Z ) - R A,v(z)) X (R>a,V - Z )§ 

= (R A y(z) - R A y(zj) ( (D A y -z) X + ia- (V X ) ) </> 

= X <t> ~ Ra,v(z)(D a ,v-z-V + V -a-(A-A))x<t> 

+ (Rzy(z) - R A y(z)) ia ■ (V X ) <P 
= R Ay (z) (V -V + a ■ (A - A)) xi^(z) ( D a,v ~ z )<t> 

+ (R A y(z) - R AlV (z)) ia ■ (Vx) Ra,v(z) (D Xy - z)<f> . 
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As D^y is essentially self-adjoint on V e , we know that (Dj v — z) V e is dense, 
which together with the calculation above implies 

{R Av (z)-R Ay (z))x = (R A y{z)-R A y(z))ia-(V X )R A y(z) ( 34 ) 

+ R A y(z) (V - V + a ■ (A - A)) x R AiV (z) . 

Taking the adjoint of (pUD (with z replaced by z) we obtain 



3.2 Conjugation of Ra 7 v(z) with exponential weights 

As a preparation for the localization estimates for the spectral projections we 
shall now study the conjugation of R A y(z) with exponential weight functions 
e F acting as multiplication operators on Jtf 7 . To this end we recall that e$ G 
(—1,1) is an element of the resolvent set of D A y an d set 

5 := inf { |e — A| : A G a{D Ay ) } > , (35) 
T := e + iR. (36) 

Notice that the decay rate in the following lemma is determined only by the 
decay rate m appearing in Hypothesis [5] and the number A defined in (jTB"]) . 
In the next proof and henceforth we shall often use the abbreviations 

D A := D A>0 , R A {z) := (D A - z)~ l , z G g(D A ) . (37) 

3.4 Lemma. Assume that A G ZC(R 3 , R 3 ) and that V MRUs Hypothesis® 
Let < a < min{A ,m}. Then there is some C a G (0, oo) such that, for 
all F G C°°(R 3 ,R) with F(0) = 0, F ^ or F < 0, HVFH^ ^ a, and all 
z = e + if] G T, 

\e F R Ay {z)e~ F \ < ° a . (38) 



v'l + V 2 

Proof: First, we assume that F is constant outside some ball in R 3 . Then it 
suffices to treat the case F ^ 0, since otherwise we could consider the adjoint 
of e F R A y(z) e~ F . To begin with we recall the identity 

II 01 ' v ll^(c 4 ) = H ' v e r3 ' ( 39 ) 

which follows for instance from the C*-equality and the Clifford algebra rela- 
tions (jSJ). In particular, 

||« - VF|| \\R A (z)\\ ^ a < 1, z=e + irj eV. 

V A o + V 2 
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Since F is smooth and constant outside some compact set Lemma 13.2( d) per- 
mits to get, for z G T, 

oo 

e F R A (z)e~ F = R A {z)Y,{-i{oc-VF)R A {z)Y, (40) 

whence 

Next, we pick some R > max{|y| : y E y} and x C°°([R 3 , [0, 1]) such that 
X = on B fl (0), x = J on R 3 \ B R+2 (0), and ||Vxl|oo < 1- We set x := 1 - X . 
Furthermore, we let x denote the characteristic function of R 3 \ Br(0). We 
choose R so large (depending on a, but not on F; recall (TT5fl ) that 



sup ||Vc(x)|| + sup \\V H (x)\\ + \\xe F V E e- F x\\ < ^° (l - . (42) 

\x\^R \x\^R 2 \ ZAn/ 



Conjugating (1331 with exponential weights and rearranging the terms we find, 
for z G T, 

{l + e F /iU(z)e- F (x^c + xVk + *e F V E e~ F x) } X e F R A y (z) e~ F 
= X e F R A {z)e- F - (e F R A (z)e- F ) {e F ia-V X ) {R A y{z) - R A {z)) e~ F 
- (e F R A (z) e~ F ) (xe F V E e~ F x) (ls fl+2 (o) e F ) R A ,v(z) e 



-F 



Here the operator { • • • } on the left side can be inverted by means of a Neumann 
series and ||{- ■ ■ ^ 2 by ( l4TT) fe (l42l) . Furthermore, we observe that, by the 
choice of Xi the assumption on F, and f l39l , 



\\e F ia-V X \\ ^ e< R+2 \ \\R A {z)\\ < 1, \\R Ay {z)\\ ^ i, || e - F || < I. 
Using these remarks together with (112j) and (1411) we obtain 

\\ X e F R A , v (z)e- F \\ ^ % 



This estimate implies the assertion if F is constant outside some ball since, 
certainly, ||xe F || ^ e a ( R + 2 ) and, for z = e + irj G T, 

\\Rav(z)\\ < J-— (43) 

V% + v 2 



16 



Let us now assume that F ^ is not necessarily bounded. Let -Fi,F 2 , ■ • • G 
C°°([R 3 , [0, oo)) be constant outside some ball and such that F n = F on B n (0) 
and F n -> F. Then e~ Fn R AtV (z) e Fn (p -> e~ F R Ay (z) e F (j) by the domi- 
nated convergence theorem, for every ^ 6 ^. Since e~ i?n i? J 4,v(-2 ; ) e Fn obeys 
the estimate ( 1381) uniformly in n, we see that the densely defined operator 
e~ F R A y(z) e F \s> is bounded and satisfies (I38l) . too. But this is the case if and 
only if its adjoint, e F R A y(z) e~ F = (e~ F R A y(z) e F ) , is an element of J?f (J^) 
and satisfies (IHH1) as well. ■ 

In the applications of the previous lemma the following observation is very 
useful. 

3.5 Lemma. Assume that A G L^ C (R 3 , R 3 ) and that V MRUs Hypothesis® 
Let < a < min{Ao,m}. Then there is some C' a G (0, oo) such that, for all 
F G C°°(R 3 , R) with F(0) = 0, F ^ or F ^ 0, IIVF]^ ^ a, wnicn are 
constant outside some ball in R 3 , and for all (f) G 

^|||D A , y r/ 2 e F ^ y (^)e- F 0|| 2 |^| < ^||0|| 2 , (44) 

and, for G I>(|Da,v | 1/2 ) , 

^\\e F R Ay {z)e- F \D Ay \ l l 2 <p\\ 2 \dz\ <: C' a U\\ 2 . (45) 

Proof: For later reference we additionally pick some y £ C°°(R 3 ,R) which is 
constant outside some large ball and infer from Lemma [3.2( e) that, for z G T, 

[F A ,y(z), X e F ] = i2 A , v (z){ia-(Vx + xVF) (46) 

+ [ X e F ,y E ]e- F }e F J R A ,v(^). 

The special case ^ = 1 implies 

e F J R A ,y(z)e- F = i* A , v (z) - i?A,v(z) { ia • VF (47) 
+ [e F ,\/ E ]e- F }e F ^ y (z) e" F . 

Taking the adjoint and replacing F by — F and z by 2 we also get 

e F J R A ,y(^)e- F = R A y{z) - e F R A y{z) e~ F { ia ■ VF (48) 
+ e F [VE,e- F ]}F A , y ^). 

Now, let T be a self-adjoint operator on some Hilbert space such that 
(— S ,5 ) C q(T). Then, for <p G J^, 

/ IUTI 1 / 2 ^-^)- 1 ^ 2 ^ = / / T^^||F A (T)0|| 2 = VTII0H 2 , (49) 
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and it is elementary to check that, for i)GlR, 



1 /2 

||| T |1/2 (T • will _ ^0 M-So,So)(v) , M-Sq,So) c (v) (5Q) 

Using (g9D and flU with T = D Ay - e and taking ([13]) , (|38|), (|39|), and (|43|) 
into account we readily derive the asserted estimate (jHJ) from (H7|) . The second 
estimate (I45p it obtained analogously by means of 



3.3 Commutators 

In this subsection we derive the crucial technical prerequisits for the spectral 
analysis of H^, namely various commutator estimates involving the projection 
v , cut-off functions, and exponential weights e F . Our standard assumptions 
on the cut-off and weight functions are 

X G C 00 ^ 3 , [0, 1]) is constant outside some ball. (51) 

and 

FeC°°(R 3 ,R), F^OorF^O, F(0) = , |VF|^a, 
F is constant outside some ball. 

To shorten the presentation we generalize our estimates to unbounded F only 
if this is explicitely used in this article. 

3.6 Proposition. Assume that A 6 L^ C ([R 3 , R 3 ) and that V fulfills Hypothe- 
sis^ and let < ao < min{A , m}. Then there is some constant C ao G (0, oo) 
such that, for all a G [0, ao] and x, F satisfying ( l5Ti) and ( 1521 ) . 

\\\D A y\ l l 2 [A% v ,xe F ]e- F \D Ay \ l l 2 \\ = C ao (|| V X ||oo + a) . (53) 

Proof: We shall employ the identity 

[A+ y , X e F ] = ~ [sgn (%-e„) lX e F ] (54) 

and the representation of the sign function as a Cauchy principal value (see, 
e.g., [24, Page 359]), 

f dz f R dr] 

sgn(D AV - e ) V = Ra,v(z)iI>— ■= lim / R AtV (e + ir])i/; — , (55) 



18 



for if) G Jf, where T is defined in (1361) . Taking also (fTTi) . ( |T2l) . and ( H6l) in to 
account we obtain 

\(\D AV \y 2 <p\[AX v ,xe F )e- F \DA,v\ 1/2 ^)\ 
^ J WlDAyl 1 ' 2 R Ay (z)(f>\\\\ia - (Vx + XVF) + [ X e F , V E }e~ F \\ 



e F R Ay {z)e- F \D Ay \^if, 



lete] 

2 |<fz|\V 2 



C' ao (II Vxlloo + HxVFlU + a) (| || |^, v | 1/2 J^y(z) || 2 ^) 



e^.R^e^l^l 1 /^!! 2 ^) 172 , (56) 

for 0,-0 G £>(|.Da| 1/2 ) D Ran( J R j4 (^)). By virtue of (04]) & (05]) we first infer that 

l^Xv,Xe F }e- F \DA,v\ 1/2 ^eV((\D A ,v\ 1/2 y) = V{\D Ay \ l l 2 ). 

We conclude by recalling that an operator T : T>(T) — > on some Hilbert 
space is bounded if and only if 



sup 



{\(cf>\TiP)\ : (f) E X, if) E V{T) , ||0|| = ||^|| = 1 } (57) 



is finite, in which case it is equal to the norm of T. Here X C J(f is a subspace 
with H D Ran(T). ■ 

Given some suitable weight function, F, we abbreviate 

Aiv := e F AXye" F . (58) 

3.7 Corollary. Assume that A G L^ C (R 3 , R 3 ) and that V fulfills Hypothesis!! 
Let < a < min{A ,m}. Then there is some C(a) G (0, 00) such that, for all 
F G C°°(R 3 , R) satisfying F(0) = 0, F > or F < 0, and IIVF]^ ^ a, we 
have A£ v G J5f(JT) and || A F Ay || ^ C(a). 

Proof: First, we assume that F satisfies (1521) . In this case the claim follows 
from Proposition 13.61 because [e F , A\ v ] e~ F = A F V —A\ v . If F is unbounded, 
then we apply an approximation argument similar to the one at the end of the 
proof of Lemma 13.41 ■ 

3.8 Corollary. Assumme that A G L^ C (R 3 , R 3 ) and that V fulfills Hypothe- 
sis^ and let < oq < min{Ao,m}. Then there is some constant C G (0, 00) 
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such that, for all a E [0, ao], X>F satisfying (l5Ti).(l52l). and ||Vx||oo ^ 1, 
L E Sf(Jt? ), and if E 

(<H A A,vXLx^A,v<f)-(v I X A Xv LA Xv X¥>) 

< («+l|Vx|U)C||iv|||^|| 2 . (59) 

Moreover, for all <p E T>(Da,v), 

< <P | a a,v X D A y c X a a,v ¥ ) ~ ( ¥ I X A Xv D AV C A Xv X V > (60) 
< (a + II VxlU) o mf i {e ( <p \x A Xv D A,v c A % V X<f) + C s' 1 \\<p\\ 2 }. 

If Vc = = 0, tii en (1601) still nolds true, if x Da X JS replaced by x \ Da \ X on 
the left side. 



Proof: The proof of (159]) is a rather obvious application of Proposition 13.61 
and in fact a simpler analogue of the derivation of ( 160]) below. Once ( 1591 is 
verified, it suffices to prove (ISO"]) with Da,v c replaced by Da,v since Vh and Ve 
are bounded. Without loss of generality we may further assume that Da,v is 
positive on the range of A \y For otherwise we could add a suitable constant 
to D^ y. To prove (1601 we first recall that A\~ v maps the domain of D^y into 
itself and by Lemma 13.2( d) we know that multiplication with x or e±F leaves 
V(DAy) invariant, too. We thus have the following identity on V(D A y), 

A AyXD A yX A A,v ~ X A Xv D AvX 
= e F [AX V , X e~ F ] D A y A Xv X + X A Xv D A y [x e F , A+ v ] e~ F 
+ e F [AXv, xe~ F ] D A y [ X e F , A% v ] e~ F . 



It follows that the absolute value on the left side of ( 160]) is less than or equal 
to 



\D A y\ 1/2 A% vXV || { £ || \D A y\^ [ A Xv , Xe* F ] e^ F \\) 

tt=± 

+ nm^i i/2 [ a Xv>x^ f ] e-" F \\M 



=± 



which together with Proposition 13.61 implies flBUl) . The last statement of the 
lemma is valid since the argument above works equally well with l-D^vi in place 
of Da,v because A\y \Da,v\ = A\y Da,v- ■ 

3.9 Lemma. Assume that A E L^ C (R 3 ,R 3 ) satisfies \\A e -7 " ^' < oo, for 
some ^ ro < min{m, Ao}, and that V fulfills Hypothesis^ Then A\ v <p E 
H l l 2 (^, C 4 ), for every <j)E®. 
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Proof: Let G $>. We pick some x £ Co°(R 3 ; [0, 1]) with x = 1 on supp(0). 
Furthermore, we pick ( G C^°(R 3 , [0, 1]) such that ( = 1 on supp(x) U <Br(0), 
where i? > max{|y| : ?/ G y}. We set C := 1-0 Since V(D Ay ) C ^(R 3 , C 4 ) 
and the spectral projection Aj^ v maps the domain of D A y into itself it follows 
that (A^ycj) G if 1//2 (R 3 , C 4 ). Furthermore, we pick a (smooth, locally finite) 
partition of unity on R 3 , {J u }ue\s4, Y^=i J» = 1j sucn that Xl^li \^J U \ ^ C, for 
some constant C G (0, oo). Setting ( u := J u (, v G N, := Aj^ y (-Da,v — 0, 
and using (J33l) . we obtain 



(A% v (p = J2( v R A ,v(i)AXv( D A,v-i)4> 

oo 

= C^oW0-^^oW^-(VC)(i?A,vW-^oW)? (61) 

oo 

-^flo(i)(,(K + a- A)i? A ,y(i)0. (62) 



i/=i 



Here the sum in ( I6TT) commutes with the first resolvent and the strong limit 
Yl^Li i a ' (VCi/) defines a bounded operator on L 2 (R 3 , C 4 ). To treat ( 1621) we first 
use that j V" = ( V is bounded. Next, we pick some F G C°°(R 3 , [0, oo)) 
vanishing on some ball containing and supp(0) and satisfying F(x) = a \x\—a', 
for x outside some sufficiently large ball with r < a < min{m, A }, a' > 0. 
Then we write 

(a ■ A) R A ,v(i) (f> = (e~ F a ■ A) (e F R Ay {i) e~ F ) x 

x (e F A+ v e~ F ) (D AtVc+Vn +ia-VF + e F V E e~ F ) . 

Using ( |T2l . Lemma 13^1 and Corollary 13. 71 we see that (a -A) R A y{i) is an ele- 
ment of L 2 (R 3 , C 4 ). These remarks imply that ( Aj[ v belongs to Ran(i? (z)) + 

Ran(Ci? (0) =^(R 3 ,C 4 ). ■ 

We may now conclude that H N is well-defined on the dense domain 3> N 
defined in ([181). 



3.10 Corollary. Assume that A G Lj~([R 3 , R 3 ) satisfies || A e~ T °^ < oo, 
for some ^ tq < min{m, Ao}, and that V fulhlls Hypothesis El Then, for 
^ E $ N and 1 < % < j < AT, 



/ -^|A+;?*(X)| 2 rfX<oo. 
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Proof: Let 0, ip G Thanks to Lemma 13.91 we know that both h.\ v <j) and 
k\ y ip belong to H 1/2 (R 3 , C 4 ) and, hence, to L 3 (R 3 , C 4 ) by the Sobolev inequal- 
ity for | 4 V|. An application of the Hardy-Littlewood-Sobolev inequality thus 
yields 

/ I _ l2 \ A Xv ^Xv^iv)] dxdy <oo. 

Jr 6 \ x y\ 

This estimate clearly implies the full assertion. ■ 



In our applications it is important to control commutators that are multi- 
plied with square- roots of the electron-electron interactions W(xi, Xj). In order 
to formulate an appropriate estimate we set 

W y (x) := W(x,y) = W(y,x), x,yG R 3 , (63) 

in what follows. The proof of the next proposition looks somewhat lengthy and 
is hence postponed to Appendix [A] This is due to the fact that the singularity of 
W y may be located anywhere and that we allow for unbounded magnetic fields. 
We remark that, even in the case V = 0, a diamagnetic inequality is not very 
useful in this context since, for unbounded magnetic fields, one cannot compare 
| — zV + A\ with \Da\- We tackle this problem by a procedure that involves a 
partition of unity, local gauge transformations, and exponential decay estimates 
which control the correlation between different regions in position space. As a 
result we obtain a commutator estimate which can be chosen to depend only 
on the local magnitude of \B\ either at the singularity y or on the support of 
the involved cut-off function. For any function \ on ^ 3 we use the notation 

\\B Hoo^ := sup{|5(a;)| : x G supp(x)} • (64) 

3.11 Proposition. Assume that A G C^R 3 , R 3 ) and B = curLA satisfies (J23D 
and that V fulfills Hypothesis^ Let ^ Oq < min{m, A } and M C R 3 be a 
neighbourhood of the set of singularities, y, ofVc ■ Then there is some constant, 
C ao ,M G (0, oo), such that, for all a G [0, a ], all x, F satisfying (loTj) . (I52*|) which 
are constant on N ' , and all y G R 3 , 

||^ 1/2 [Atv,e^]e^|| 
< O* 0) Af (l + min {\B(y)\, ||S lU^}) (a + ||Vx|U) ■ (65) 

If V E = 0, then \\B || oo^ can be replaced by \\B ||oo,xVF+Vx ^ 

(ESJ). 
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3.12 Corollary. Assume that A £ C 1 ([R 3 , R 3 ) and B = curL4 is bounded and 
that V fulfills Hypothesis \2{ Then we find, for every e > 0, some constant 
C ao , e £ (0, oo) such that, for all F satisfying (I52"l) . y? £ f^v, and 1 ^ z ^ AT, 

(ip\l0e F A+f Wiw Aj? 1 ® e" F y > - < <p \ Aj;£ W ™ A Xv V > 
< a{e(<p\A+fW m A+$cp) + C ao , £ \\cpf} , 

where e F acts oniy on tie iast variable. 

Proof: This corollary is proved by means of Proposition 13.111 in the same way 



as Corollary EH We also recall that A^'y @ N C V(W 1 



i.i i 



The technique used in the proof of Proposition 13.111 also yields the following 
result whose proof can be found in Appendix O too: 



3.13 Lemma. Assume that A £ C^R 3 , R 3 ) and B = curL4 satisfies (EH]) and 
that V fulfills Hypothesis]^ Then there is some constant C £ (0, oo) such that, 
for allip eV(D A>v ), 

\\WV 2 A% V 1P\\ ^ C(l + min {\B(y)\, \\B U^}) || {D Ay - i) i> \\ . (66) 
3.4 Differences of projections 

In our applications it is eventually necessary to have some control on the dif- 



ference between A^ v and 



A+ := A+ . 



3.14 Lemma. Assume that A £ L£ C (R 3 , R 3 ) and that V fulfills Hypothesis^ 
Then there is some C £ (0, oo) such that, for all ( £ C°°(R 3 , [0, 1]) which are 
constant outside some ball such that ( Vc is bounded, 

||| J D A | 1 / 2 C(A+-A+ y )|| < C (||C V|| + [| VCHoo) • 

In particular, (A\ y (p £ V(\D A \ l/2 ), for every ip £ V(D A ). 

Proof: Due to (1531) the norm in the statement (if it exists) is bounded from 
above by 



sup / (\D A \V 2 <f> ((R A (z)-R AiV (z))iP 



ie-D(\D A \ 1 /' 2 ),i,eM' JT 
ll<*>ll = IIV>ll=l 



\dz\ 



71 
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We next use ( )33|) . ( H3|) . and ( )45l) to conclude that the asserted bound holds 
true. ■ 

We note the following trivial consequence of the previous lemma: Namely, 
we pick some 9 G C™(R 3 , [0, 1]) with 9 = 1 on ^(0) and = outside £ 2 (0), 
and set #r(:t) := 9(x/R), for i? ^ 1, x G R 3 . By virtue of Hypothesis [2] and 
Lemma 13.141 we then have, for every ( as in the statement of Lemma 13.141 

\\\DA\ 1/2 (l-e R )({A + A -A% v )\\ <c{\\(l-e R )V\\ + ^^-) — 0, (67) 
as i? tends to infinity. 

3.15 Corollary. Assume that A G L^ C (R 3 ,R 3 ) and that V MRUs Hypothe- 
sis® Then there is some C G (0, oo) such that, for every £ G C 00 ^ 3 , R), which 
is constant outide some ball and such that ( Vq = 0, and every tp G 3), 

V \K% v CD Ayc CK% v v) - <^|A+C^aCA>>| (68) 

C 



and 



< (IIC V|| + || VCiU) Q inf x {e < <^ | A+ C 1^1 C A+ ^ > + - |M| 2 } , 

(<p\(A% v D Ayc AX v (ip) - (v\(A+D A A+(<p)\ (69) 

< (||CV|| + l|VC||oo) o inf i {e<^|CA^^AK^> + 7 IMI 2 } • 

The last estimate still holds true (with a new constant C), if D A and D A Vc are 
replaced by D A — 1 and D A y c — 1, respectively. 

Proof: Let (p G @ and let 9 R be the cut-off function constructed in the para- 
graph preceeding ( ISTl) . On account of Lemma [3791 we know that v ip G H l l 2 

and, hence, we infer from Lemma l3~2T c) that 9 R ( A A v ip G H^ 2 belongs to the 
domain of D A . Applying also the formula appearing in (ii) of Lemma [3.11 and 
using ( Vq = we obtain 

(ip\AX v (D A:V6 (A% vV ) = \im o (9 R (A% v <p\D AV6 (A% v (p) 



= Jim {D A 9 R (A% v <p\tA% v <p). 

Writing 5A + := A A v — A\~ we further get 

(D A 6 R CA% v <p\CA% v <p) 
= (D A 9 R (A+ip\CA+ip) + (D^RCA+cplCSA+cp) 

+ (9 R C5A + ip\D A CA\ip) + (D A 9 R (8A + <p\(8A + <p). 
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By virtue of Lemma [3.141 we know that £<5A + (p G V^Da] 1 / 2 ) and it is easy to 
see that Da Or ( A\ <f — > -Da C ^a as ^ ~ ¥ 00 • Using also ( 1671) we arrive at 

^ 2 II PaI^ca^H II lA^C&V+^H + || |D A | 1/2 C5A + ^|| 2 . 

Therefore, we obtain fl6"5j) by applying Lemma 13.141 once again. flBT?]) follows 
from a straightforward combination of (l6"Hj) and Corollary 13.81 The last state- 
ment of Corollary 13. 151 follows from ( |69l) and Lemma [3. 141 ■ 



4 Exponential localization 

In this section we prove Theorem 12.41 To this end we adapt an argument 
from pQ and some useful improvements of the latter from [16J to our non-local 
situation. In the proof below we present the general strategy of the argument. 
In doing so we refer to three technical lemmata whose proofs are postponed 
to the end of this section. Throughout this section we always assume that the 
assumptions of Theorem 12.41 are fulfilled. 



Proof of Theorem \2.4\ Since is bounded from below we may suppose 



that inf I > —00. By assumption we have sup/ < S^-i + Moreover, 
we consider Hn as an operator on the unprojected X-particle space J#n. In 
this case we have to keep in mind that becomes an infinitely degenerated 
eigenvalue of H^. Our goal is to show that there are b, C G (0, 00) such that 
f R3N e 2b W\$(X)\ 2 dX ^ C, for all normalized $ G Rm.(Ej(H N )) such that 
$ = An $ and $ = A^y $. Borrowing an idea from [29J we simplify the 
problem by using the bounds 



_ N _ 

e 2b ^ <: max <: y e 2bVW ^ , X = (x 1} . . . , x N ) G (R 3 ) w , 



and the anti-symmetry of $ = An&- (We are not aiming to derive good 
estimates on the decay rate here.) Indeed, it suffices to show that there exist 
a, C G (0, 00) such that 

f e 2a\ XN \ |$(x)| 2 dX ^ C, (70) 

for all $ = A N $ = A+'^ $ G Ej(Hn), ||$|| = 1. Then Theorem O holds true 
with b = a/y/N. Furthermore, it suffices to show that ( 170|) holds true with 
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cl\xn\ replaced by F(xn), for every (bounded) F : R 3 — > R satisfying ( 1521) . This 
is in fact an obvious consequence of the monotone convergence theorem applied 
to the integrals J R3N e 2i?n(xjv) |$(X) | dX with $ as above, where Fi,F 2 , ... is 
a suitable increasing sequence of functions satisfying ( 1521) and converging to 
a|xjv|. Therefore, it suffices to find some a > such that 

|| (A N -i <g> e F ) Ej(H N ) (A N -i ® 1) A^v || < °° » ( 71 ) 

for every F satisfying ( 1521) . where Av-i denotes anti-symmetrization of the 
first N — 1 variables and e F acts only on the N th electron variable. 

We start by introducing a comparison operator. To this end we pick some 
X e C°°(R 3 , [0, 1]) such that x = 1 outside B 2 (0) and x = on B 1 (0) and set 
X-R := x{' / R) an( i Xr := 1 — XRj f° r -R ^ 1- Furthermore, we define orthogonal 
projections 

Pn-i '■= An-iA^v 1 5 Pn-i = l^v-i — Pn-i, 
Qn := (*4jv-i ® 1) Ajy , Qa> = Ijfiv - Qn ■ 

Then the comparison operator is defined, a-priori on the domain C ^at, 
by 

P^ := Qv H N Q N + H^_ x ® A^ y + P^ <g> 1 
+ P^-i g) A+ v (1 - O x R A+ v + Q N 

= <g> 1 + ® 1 (72) 

+ Pat-x ® A+ y { Pa,v c + (1 - O Xr } A + Ay + (73) 

N-1 

1=1 

We denote the Friedrichs extension of if at again by the same symbol. Notice 
that on we have Pj 4 ^ ® 1 + -i^jv-i <S> 1 ^ <^v_i l^v- Furthermore, 
Lemma 14.31 below this implies that 



AT-l 



AXv { ^A,y c + (1 - O X* } A+ v + Q N > 1 - o(l) Pv_x ® 1 



as R tends to infinity. We now pick some e > with sup / < S'n-i + 1 — £ - 
Then the above remarks imply 

(^|PW> > (^ 1 + l-£/2)||^|| 2 , i>e@N, (75) 
for all sufficiently large R ^ 1. Next, we define 



H'n := Qjv + Hn-i ® A 
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Then and H' N have the same domain since they differ by a bounded operator 
on their common form core We further pick some Xi £ C£°(R, [0, 1]), such 
that xi = 1 on I an d supp(x/) C (— oo, <^v_i + 1 — e). Then xi(H N ) = by 
(175p and we observe that 

Q N Ej(H N )Q N = Q N Ej(H' N )Q N = (xi(H' N ) - xi(H N ))Q N . (76) 

We preserve the symbol xj to denote an almost analytic extension of xi ( see > 
e.g., [12J) to a smooth, compactly supported function on the complex plane 
satisfying 

supp(x/) C (-oo, <fjv-i + 1 - e) + 5 ) > / 7? N 
^Xi(«) = O n (\Sz\ n ), iVGN, " 

where dz = \{d^ z + z<9s z ). Here we may choose 6 > as small as we please. 
We shall apply the Helffer-Sjostrand formula (see, e.g., [T2]). 

Xi(T) = J (z - T)~ 1 dxi{z), dxi(z) := d^Xi( z ) dz A dz, 

which holds for every self-adjoint operator T on some Hilbert space. By means 
of (1761) we then find the representation 

Q N Ej(H N ) Q N = [ [{H' N - z)- 1 - (H N - z)~ l ] dxi{z) Q N . (78) 
Jc 

For some F as in ( 1521) (which acts only on the last variable in what follows) we 
abbreviate 

A F,N ._ F A +,N F 

Then ( f78|) and the second resolvent identity together with the trivial identities 
Qn Qn = = (P^_! ® 1) Qtv yield 

|| (Ar-i ® e F ) Ej(H N ) (A N -i <8> 1) A+f || 

< / e F (^-z)- 1 P^ 1 ®{A+ y (l-^ 1 - 4 )x it AXy} x 
Jc 

xQ N (H' N -z)- l Q N \\\dxi(z)\ 

^ ( ~\ x?M f II F r Tj \-l -F || || aF,AT II || F— || MX/(^) 

< (1-^T) / || e {H N -z) e || || A A ' y || ||e Xr\\ ^ , 

< ^/||e-(^-,rV-||^|^. (79) 
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In the last step we apply Proposition 13.61 and He^XijII ^ e 2aR . By ( T77|) 
\dxi(z) |/| $sz | is a finite measure. To conclude the proof of Theorem 12.41 it 
thus remains to show that the norm of c f (Hn — z)~ 1 e~ F is uniformly bounded 
in all z G supp(x/) \ R and F satisfying (1521) . This is done in the rest of this 
proof. 

Since F satisfies (152"]) we know that 1jv-i <8> & F is an isomorphism on 
Therefore, the densely defined operators e F e~ F and have the same 
resolvent set and 

® F {z) ■= e F (H N - z)- 1 e~ F = (e F H N e~ F - z)'\ z G g(H N ) . (80) 

In particular, e F H N e~ F is closed because its resovent set is not empty. Us- 
ing the identity 3£p(z)* 1 = &f{z)~ x * we readily verify that [e F Hm e~ F )* = 
e~ F if at e F . Since e ±F maps $)n into itself we further have 

@ N C V(e ±F H N e TF ) = e ±F V(H N ) C e ±F Q(H N ) . (81) 

The following two lemmata, whose proofs are postponed to the end of this 
section, show that e F HNe~ F is a small form perturbation of H^. We define 
T : 9 N -> J^ N by 

Tip := e F H N e~ F p - H N <p, <p G 3>n ■ (82) 

4.1 Lemma. Assume that F : R 3 — > [R satisfies ( 152|) . Tien we nave, as a > 
tends to zero, 

Kp|l»| ^ a(^|F Jv ^) + 0(a)(^|y), ^fjv (83) 

4.2 Lemma. There exist constants ci, C2 G (0, oo) suci that, for all F : R 3 — > R 
satisfying (1521) and all G ii^v, 

Ke^^l^e^^)! ^ c 1 ||e ±F || 2 (^|if Ar ^) + c 2 ||e ±i? || 2 ||^|| 2 . (84) 

In particular, e ±F Q{H N ) C Q(-fiTjv). 

If a < 1/2 then Lemma implies that [e F Hn e~ F ) \& N has a distinguished, 
sectorial, closed extension, H^, that is the only closed extension having the 
properties V(H F ) C Q(H N ), V(H F *) C Q(H N ), and vq G for all 

i] G R with sufficiently large absolute value; see |24J. Thanks to (IHUj) . (1811) . 
and Lemma 14.2^ we know that e F H^e~ F is a closed extension enjoying these 
properties, whence 

H F = e F H N e~ F . 
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We are now prepared to derive a uniform bound on the norm under the integral 
sign in (179"]) . For z G supp(x/) and ip G 2$n, we obtain 



to{<p\(H%-z)<p) = (<p\(H N -9lz)<p) + &(<p\T<p) 

i f~ SRz \ \ (85) 
> (l-a)(p\(H N -^-)p) -0{a)\W\\\ 

By (175]) and (1771) we thus find a G (0, 1/2) and R G [1, oo) such that, for all 
z G supp(x/) and ip G S^r, 

K{<p\{H%-z)<p) > \\\p\\ 2 . 

This inequality implies that, for z G supp(x/), the numerical range of — z 
is contained in the half space {( G C : 9?C ^ £ /^} EH Theorem VI. 1.18 and 
Corollary VI. 2. 3]. Moreover, by (|80[) the deficiency of Hfj — z is zero, for all 
z G C \ R, and we may hence estimate the norm of (H^ — z)^ 1 by the inverse 
distance of z to the numerical range of Hfj [231 Theorem V.3.2]. We thus arrive 
at ^ 

|| ( h n - zY 1 1| < - > z e SU PP(X/) , 
which together with (I79p proves Theorem 12.41 ■ 



4.3 Lemma. For every sufficiently large R ^ 1, there is some cr G (0, oo) 
such that cr — > 0, as R — > oo, and, for all p G @, 

{ip\K%v [D A>Vc + (l-^)x R ]AXv^) > \\ A XvV\\ 2 - crM 2 - (86) 

Proof: To begin with we introduce a scaled partition of unity. Namely, we 
pick some fx G C^°([R 3 , [0, 1]) such that jl = 1 on £> 2 (0) and observe that 6 : = 
ft 2 + (1 — jl) 2 is strictly positive. We further set, for R ^ 1 and x G R 3 , /ii(x) = 
:=jl(x/R)/9 1 / 2 (x/R), and /x 2 (x) = te (x) := (1 - jl{x / R)) / 1 ' 2 {x / R) , 
so that jif + f/, 2 , = 1. Since /xi V/ii + /i 2 V/i 2 = V(/if + /x|)/2 = it follows that, 
for p E 3 1 , 

( p | A+ v [D A , yc + (1 - <)xj Aly V ) (87) 
= E <^| A Xv[^ D AVc^ +(1-0^^] A+ V y>) =: Y, Y i- 

3=1,2 j=l,2 

To treat the summand with j = 1 we use that, by construction, = /ii, for 
every R ^ 1. Taking also Corollary 13.81 and ( 12~TT) into account we find, for all 
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R > 1 and <p G 0, 

n ^ (l-l/ J R)(// 1 ^|A+ y [L> A ^ c -<] AXv/ii^) (88) 
+ ||/i 1 A+ y ^f - 0(1/ R) |M| a 
^ H^A+^f - 0{l/R)\\ V \\ 2 . 

We next turn to the summand with j = 2 in ( !57j) where /i^Xi? = 0. Applying 
successively Corollaries 13.81 and 13.151 Proposition 13.61 and Lemma 13.141 we 
deduce that, for all <p G and every e > 0, 
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( V 3 I A A,V ^2 Ai,V c /X2 AXv <P ) ^ (1 -^)<^|^2A^D A A+/i2^) - o e (l) ||y> 

^ (1-e) || A+^v^lf - o e (l) || II 2 
^ (1- £ ) 2 ||^ 2 A>|| 2 - o £ (l)|M| 2 
^ (l-£) 3 ||/i 2 A+ v ^ir - o £ (l)\\<p\\\ (89) 
as R — ► oo. We conclude by combining flS7j) - flH9l and using /z 2 + /z 2 , = 1. ■ 



Proof of Lemma \4 ■ 1\ We have to study the contribution to T = e if Are —Hn 
coming from each term in ( 1721 - (1741 . The terms in ( 1721 commute with e F and 
hence give no contribution. In order to estimate the contribution coming from 
the left term in (I73|) we first observe that Corollary 13.71 implies the following 
identity on @, 

e F X + Ay D Ayc K% v e- F = A F Ay (D A y c + ia ■ V F) A% v 

= A F V D A y c A F V + 0(a). (90) 

The term in (1731) involving the cut-off function Xr yields a contribution of 
order (9(a), too, due to Corollary 13.81 To account for the projection on the 
right in (1731 we write Qj^ — tj? N — Pjv-i ® a av anc ^ use Proposition 13.61 to 
obtain \\Qjj — e F Qj^ e~ F \\ = O(a). Finally, we apply Corollary 13.81 to (1901) and 
Corollary 13. 121 to all terms in (|74p - this is the only place in this section where 
we use the assumption that B is bounded - and arrive at 

N-l 

\(ip\Tip)\ ^ a( K i P \Q N [D { ^l c + Y,W lN )Q N ip) + 0(a) |M| 2 . 

8=1 

Since i/jv-i ^ &n-i this completes the proof of Lemma WA\ ■ 



Proof of Lemma We drop the ±-signs in ( l84j) since the they do not play 
any role in this proof. It is clear that we only have to comment on those terms 
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in (|72l)-(17il) that involve unbounded operators. Since Hn-i <S> 1 commutes with 
e F and since H N _i ^ ^n-i we ^ TS ^ f° r V 9 e 

< e*V | (Fiv-i ® 1 - <^_i P^-i ® 1) e F ) 

^ ||e 2F || (p| (i^iv-i® 1 - #n-iPn-i® 1)V>- 

By virtue of Proposition 13.111 we can estimate |( 90 | e F QnWin Qn^ F( P ) |, for 
V? G 5^v, as 

||^ 2 Q w e F ^|| 2 ^ 2\\e F W^Q NV \\ 2 + 2\\wl/ [ 2 [e F ,Q N ]e- F e F ^\\ 2 
^ 2|| e ^|| 2 ||^ 2 g i v^|| 2 + 0(a 2 )||e^|| 2 



(92) 

(If B is unbounded, then the (9-symbol in (1921) depends on the supremum of 
\B\ on supp(VF).) It remains to prove that there are constants C3, C4 G (0, 00) 
such that 

(ip\e F A+ iV D A>Vc A+ tV e F <p) 

^ c 3 \\e F \\ 2 (p\A% v D AVc A% v <p) + c 4 ||e F || 2 |M| 2 , 

for ip G Ql. Moreover, since Vh and Ve are bounded it suffices to prove this 
estimate with Da,v c replaced by D := Da,v — cq, which is positive on the range 
of A\ v . We abbreviate A ± := v in the rest of this proof and we seek for 
bounds on both terms on the right side of 



( J DA+) 1/2 e F ^|| 2 ^ 2^|| ( J DA+) 1/2 e F A^|| 2 . (94) 



/•• , || 2 - / n \+ \ 1/2 , 

tt=± 

. — . 1/9 

Here the norm with (j = — equals || (_DA + ) [e F , A - ] ip\\ and is not greater than 
some 0(a) \\e F \\ \\ip\\ due to Proposition 13.61 We next define 

D := A + (D Ay - e ) A + + 1 = A+ D A+ + 1 ^ 1 . 

In fact, because of II (DA+) 1 / 2 l)- 1 / 2 !! < 1 and 



H^e^A+^H 2 < ||e F zV/ 2 A+^|| 2 + || [D 1 ^ 2 , e F ] A + <p || 

< || e F || 2 II A+ D 1 ' 2 if || 2 + || I) 1 / 2 A+ D 1 / 2 v 



we shall see that fl93|) holds true as soon as we have shown that 

\\b l l 2 [b- l l\e F ]A + \\ = 0(a)||e F ||. (95) 
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To check whether (1951) is correct we first note that, on 

[A e F ) = A + [D,e F ] + [A+,e F ]D 

= — A + ia ■ V F e F + ([V E , e F ] e~ F ) e F + [A+,e F ]5. (96) 

We apply the norm-convergent integral representation 



T -l/2 = 1 



1 dt 



(97) 



7T J Q T + t yft' 

which holds for any strictly positive operator, T, on some Hilbert space. For 
0, ip G ^, it implies 

A+ \ dt 
D + t I Vi ' 



1 



7T 



-1 



D + t 



(96 



We estimate the contribution of the first term on the right side of ( 1961) to (J98 

as 



■ za ■ Vr e — //) 



D + t 



Q{a) \\e F \\ 
(1 + £) 3 / 2 



t > 0. 



(99) 

In view of ( IT2"]) the second term in (19"6"1) can be dealt with similarly. To account 
for the second term in (|9"B"]) we apply Proposition 13.61 and obtain, for t ^ 0, 



' { J D 1 / 2 [A + ,e F ]e- F }e F ^^A+^ 



D + t 



D + t 



0(a) ||e i 
l + t 



(100) 

Equations (!98 l) -f ll00|) show that ( !95l) holds true, which completes the proof of 
Lemma 14.21 ■ 



5 The lower bound on inf a ess (HN) 

In order to prove the 'hard part' of the HVZ theorem, Theorem I2.7( ii). we 
employ an idea we learned from |16j : One may use a localization estimate 
for spectral projections to prove their compactness. Adapted to our non-local 
model the argument looks as follows: 

5.1 Theorem. Let the assumptions of Theorem \2. 7l 6'i ) be fulfilled and let 
I C R be an interval sup I < 1 + S^_ v Then the spectral projection Ej(H^) 
is a compact operator on An^n ■ In particular, 



32 



Proof: Let g G C(R, (0,oo)) satisfy #(r) -> oo, r -> oo, and #(|X|) G 
^f(^4jv^^) and set /i := 1/g. We let qr denote a smoothed characteristic 
function of the closed ball in R 3 with radius R > and center and set 
Xr{X) : = Qr{xi) ■ ■ ■ q r (x n ), for X = (zi , . . . , x N ) G (R 3 ) N . First, we argue 
that it suffices to show that Ej(H^) xr (— A + l) 1 / 8 is a (densely defined) 
bounded operator from J^ N to t ^ v h . In fact, let us assume that this is the 
case. Since (—A + 1)~ 1//8 is compact and g(|X|) Ej(H^) is bounded, it 

then follows that 

Ej(H$) [xRhdXDjgdXDEjiHfi) 
= E Z {HA) xr (-A + l) 1 / 8 [(-A + 1)-V 8 h (\ X \)] g(\X\) Et(H$) 

is compact. Since XRh{\X\) converges to fo(|X|) in the operator norm, as R 
tends to infinity, it further follows that Ej(H$) = E^Hfi) h(\X\) g(\X\) E^Hfi) 
is compact, too. 

To verify that Ei(H$) Xr (-A+1) 1 / 8 is bounded we set S : = 1+Ef=i \ D a]v I 
and write, for some sufficiently large c > 0, 

xbC-A + I) 1 ' 8 = Ej(H^(H N + c)y 2 x 
x{(H N + c)" 1 / 2 A+f ^ 1/2 } {S^ 2 X R (-A + l) 1 / 8 } . (101) 

Here the left curly bracket in (11011) is a bounded operator from Ji? N to 
since A^'y 5" A^y ^ if/v + c, provided c is large enough, due to the positivity 
of the interaction potentials and the boundedness of Vh and Ve- To see that the 
right curly bracket in f llOip is a bounded operator in we first notice that it 
is a restriction of S~ l l 2 T* , where T := (— A + 1) 1 / 8 x# is closed. It thus remains 
to show that TS^ 2 = T^S^ 2 = (S^^T*)* belongs to 3f(Jt? N ). To this end 
we recall that (-A« + l) 1 / 4 g® {\D%\ + l)" 1 is bounded on L 2 (R 3 , C 4 ) since 
V(D Ay ) C #£{ 2 (R 3 ,C 4 ). It follows that 

(-A« + l) 1 / 4 ^ 1 = (-AW + 1)V4 XB (1^1 + i)- 1 (| D W v | + 1} 5 -i 

is bounded, for i = 1,...,N, and, hence, \R ( — A + ^Y^XrS _1 G 
Since Xi? (-A + 1) 1/4 x« is a restriction of T*T we see that T^S' 1 G 
which implies (T^" 1 / 2 G Jzf(J^) and, hence, To 1 " 1 / 2 G JSf(J^). ■ 

6 Weyl sequences 

In this section we prove the 'easy part' of our HVZ theorem, namely Part (i) 
of Theorem 12.71 asserting that 

a ess (H$) D [<_! + !, oo). 
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To this end we fix some spectral parameter A ^ 1 throughout the whole section 
and {^ n }„ e u will always denote a corresponding Weyl sequence as in Hypoth- 
esis HI4). 

In this and the following section we shall repeatedly employ the following 
sequence of cut-off functions: We pick some x £ C°°(IR, [0, 1]) such that x = 
on (— oo, 1 — e/4] and x = 1 on [1? °°)- Here e G (0, 1) is a fixed parameter 
whose value becomes important only in Section [71 We set Xn '■= x(\ x \/Rn), 
for x G R 3 and n G N, where R n is given by Hypothesis H(i). Then it holds 
Xnipn = 4>n and ||Vxn||oo = Rn 1 WxWoo -* 0, as n -> oo. 

To begin with we draw two simple conclusions from our hypotheses: 

6.1 Lemma. Assume that A G L^ C (R 3 , R 3 ) and V MRU Hypotheses Hfij and 
[H respectiveiy. Tien 

lim || {D Ay -\)i) n \\ = 0, lim || (D Ayc - A)A+ y ^n 11=0. (102) 

n^oo n— >oo 

Proof: The first identity is clear from the hypotheses. To treat the second we 
employ the cut-off functions defined in the paragraph preceeding the statement 
of this lemma and abbreviate Vre := Vh + Ve- By means of Proposition 13.61 
and HVheXhII ~~ > we then obtain 

||VH E A^ y ^ n || ^ ||VbjXnAj V rV'n|| + \\VeE [^%V > Xn] ^n\\ > 0, 

as n tends to infinity. Therefore, the second identity follows from the first. ■ 

6.2 Lemma. Assume that A G Lg^R 3 , R 3 ) and V MRU Hypotheses^) and0 
respectively. Let e > and set I £ := (A — e, A + e). Then we have, as n tends 
to inRnity, 

\\ Ei £ (Da,v) ^> n \\ — ► 1, in particular, ||A^ )V ^ n || — ► 1. (103) 
Proof: Clearly, || E Ie (D A y) ip n || ^ 1 since ip n is normalized. Suppose that 

II 1 1 2 

there is some 5 > such that liminf Ej e (D A y) Vv ^1 — 5. Then we have 

II 1 1 2 

lim^oo || Ei £ (Da,v) 4>n t || ^ 1 — 5, for an appropriate subsequence, and 

lim || (D A y-\) ip ni || 2 ^ e 2 liminf [ (1 - l 4 (s)) d\\ E S {D A ) ^ || 2 
= e 2 - e 2 lim II Ei{D AV ) || 2 ^ £ 2 <5 > 0. 

This is a contradiction to f ll02p . ■ 
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In the following we show that <§n-\ + A £ a ess (H^) by means of a suitable 
Weyl sequence. Instead of applying Weyl's criterion directly to H N we shall, 
however, use a slightly strengthend version of it in Lemma [6.31 (see, e.g., [TT] ) 
which allows to work with quadratic forms. This is important since, for in- 
stance, it seems that one cannot expect Proposition 13.111 to hold with W 1 ^ 2 
replaced by W. (At least not for large nuclear charges Z ^ 118.) To construct 
the Weyl sequence we pick, for every n £ N, some 

$n = A N ^ n £ Aj?- 1 S N - X such that { f \~ 1 $n + 

(104) 

This is possible since -ffjv-i is defined as a Friedrichs extension starting from 
^Ay'^N-i- We further set 

T n (x) := f \<S> n (x,X')\ 2 dX' . (105) 

Next, we pick < a < min{m, A }, r £ (0, 1 — e/4), and r' £ (0, 1) such that 

(1 -r)a > (l + r)r, s:=r + r-l>0. (106) 

Here r appears in ( 1231) . We further pick some cut-off function, -d £ C°°(IR, [0, 1]), 
such that $ = on (— oo, s/2] and $ = 1 on [s, oo). By Lemma [3.91 we know 
that IZJq 1 ^ 1 / 2 $„ £ J4?n-i, where the superscript (1) again indicates that the 
operator acts on the first variable. Therefore, we find a subsequence, {-Rfc n } n eN, 
of {-Rfcj/tgiH such that, for every n £ N, 

/ | id^MV^J'Mx) \ 2 dx < -, (107) 

R3(JV-1) 

As a candidate for a Weyl sequence we then try {^.jv^njneN, where 

# n := $ n ® Ajy^ e Ajy ^jv , n £ N . (108) 

To simplify the notation we again write n instead of k n in the following. Finally, 
we pick some c > 1 and set 

f(t) := (t + c)- 1 / 2 (t - g$_ x - A) , i > -c. 

6.3 Lemma. Let the assumptions of Theorem 12. 7lf i ) be fulfilled. If, in the 
situation described above, c > 1 is sufficiently large, then An £ ^(/(^Tzv)), 
for every n £ N, and 

w-lim.A JV 1 £ n = 0, liminf ||.Ajv* n || > 0, lim II /(#jv) -Ajv^n II = . 

n^oo n^oo n-^oo 

(109) 

In particular, <S^_ X + A £ <j css (Hn). 
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Proof: First, suppose that ( 1109[) holds true. If c > 1 is chosen sufficiently large, 
then / is strictly monotonically increasing on a(H^). If / is some small open 
interval around S'^^+X we thus get Ej(H N ) = Ef^(f(H N )). By (ll(J9p and the 
Weyl criterion applied to f(H N ) it follows that oo = dimRan(£/ /m(/(f jv))) = 
dimRan^/fTJjv)). 

To verify f 1109D we first notice that \P n — 0, as n — > oo, because of ( l22l) . 
Exactly as in [30, §4] we can also check that liminf || Aw^nll > 0. So it suffices 
to show that ||/(ifjv) ^n|| — > 0, as ifjy commutes with An- Since ■?/>„ and $ n 
are normalized and *f> n = $ n (g> y^> n G A^'^ we obtain 

||/(#iv) *n|| 

< || (H N + C )-5 (tf^ - <g) 1^ + || || (Hn-! - g£_ x )* $ n || (110) 

+ ||(D AVfc -A)A+ y ^ n || (111) 

AT-1 

+ J2U H N + c )~ hA tvWl\\\\W^ n ®AX v ^ n )\\. (112) 

i=l 

We first show that the operator norm in (11121) is actually finite. In fact, 
||(^ + c)-^A^^ 2 || = \\W^A%»(H N + c)-V*\\<l, 
since W > 0, A\ y D A y c A\ v ^ -C'A\ y , H N ^ ^ Ajy -1 , and, hence, 
||W^ 2 A+;? 0|| 2 = <0|A+^W iJV A+j0) ^ (01(^ + 0)0), 

for <p G A^'y ^tv- Using similar estimates and (I104p it is straightforward to 
check that the term in (IllOp converges to zero provided c > 1 is sufficiently 
large. The norm in f illip tends to zero by Lemma [6.11 The claim now follows 
from Lemma 16.41 below which implies that the remaining norm in (I112p tends 
to zero, too. ■ 

The first inequality of the following lemma is used in the proof of Lemma 16731 
and the second one in Section UJ 

6.4 Lemma. There are (0, oo) such that, for all n G N, 

/ W(x,y)T n (y)\A+ v ^ n (x)\ 2 d(x,y) < sup W(x,y) + C e~ KR " + - . 

(l-r')fln 
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If B is bounded, then there is some C G (0, oo) such that, for all n G N, 

W(x,y) T n (y) \A\ y tp n (x)\ 2 d(x,y) 
< sup W(x,y)\\A\ v ^ n \\ 2 + C"(l + || J B|| 00 )e- aeiJ "/ 2 



C J T n (y) dy (1 + Hoc) || {D A ,v + i) i>n 



{\y\>eR n /2} 



Proof: For n G N, we pick a weight function, F n G C 00 ^ 3 , [0, oo)), with F n = 
on R 3 \ -B Rn (0), F n ^ (1 - r) aR n - a' on B rRn (0) and HVFJ^ ^ a. Here a 
and r are the parameters from (11061) and a' > is some fixed, n-independent 
constant. Since ip n = Xn^n and tB rRn (o)Xn = we obtain 



/ 



^-B rIln (o){x)W(x,y) T n (y) |A+ y ^„(x)| d(x,y) 

{\x~y\<(l-r')Rn} 

^ || 1*^(0) e-*^ sup HW^e^lAXv.Xne-^l^irilT 



n 1 



|j/K(r+l-r')-Rn 

<C C'e-^- r)aRn sup (1 + 15(7/)!) ^ C" e- ([1 - rlo - [1+r]r)ii ". (113) 

\y\^(l+r)R n 

In the last two steps we make use of Proposition 13.111 and ( 1231) . Next, if 
| a; — 2/1 ^ (1 — r ')Rn and lB rR (o)( x ) — 0, then \y\ ^ (r + r' — l)i? n = si? n , and 
by the choice of $ (see the paragraph below (I106p ) it follows that 



/ 



(l ~ 1 BrR n (o)(x)) W{x,y)T n {y) \A\ y ip n (x)\ d{x,y) 

{\x-y\^{l-r')R n } 

^ sup / W{x,y)#(y/R n )r n (y)dy\\A+ v iP n \\ 2 . (114) 

\x\^rR n JR3 

On account of (I106p . Kato's inequality, and (I107j) the first asserted estimate 
follows from (11131) and fll 14j) . The second one is derived similarly by means 
of Lemma 13.131 and the replacements r i— > 1 — e/2, r' i— > e. Note that 
li3 { i +e /2)_R n (o) Xn = 0, which is used to derive the analogue of (11131) . ■ 

7 Existence of eigenvalues 

In this section we prove Theorem 12.91 which asserts that H$ possesses infinitely 
many eigenvalues below inf a ess (H^) = 1 + <?jv-i- We proceed along the lines 
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of [301 §6] with a few changes. In particular, we replace the arguments of 
[30] that employ explicite position or momentum space representations of A^J" 
by more abstract ones. Throughout this section we always assume without 
further notice that the assumptions of Theorem 12.91 i.e., Hypothesis El are 
fulfilled. 

Proof of Theorem \2.9c We proceed by induction on iV and start with the 
induction step. So, we pick iV G N, iV ^ 2, and assume that H^_ x possesses 
infinitely many eigenvalues below S^_ 2 + 1. In particular, we can pick a nor- 
malized ground state of H^_ 1 , which we denote by $. Moreover, we denote 
the transposition operator which flips the i th and N th electron variable by 7Tjjv, 
1 ^ i < N, and set n NN := 1. The vectors ipi, 4*2, ■ ■ ■ are the elements of the 
sequence appearing in Hypothesis El 

Now, let d G N. By Lemma IT7H below we know that, for all sufficiently large 
m G N, the set {A N (® ® A£ v VvOfeK' where 

1 N 

i=i 

is linearly independent. Our goal then is to show that the expectation of 

Hn '■= Hn — <^n-i ~ 1 

with respect to any linear combination of the vectors {An(§ <8> A\ v ^n)}™=mo 
is strictly negative provided mo G N is large enough. Since d is arbitrary 
the assertion of Theorem 12.91 then follows from the minimax principle. For 
c mo , • • • , c mo +d G C, and 

mo+d N , -|\jV— i 

^ : = Cn J2 N i/2 ir iN (® ® A% v i>n) , (115) 

n=mo i=l 

we obtain as in [30] by means of the anti-symmetry of $, 



mo+d 

^>\H N ^>) ^ ]T |c n | 2 ($®A+ y ^|#7v($®A+^„)} (116) 



n=mo 
mo+d 



+ (N-1) \ c n\\ c m\ |<7r 1JV ($(8) A+ v Vn) I ^($(8) A+ y ^ m ))| (117) 

n,m=mo 

+ ^ |c n ||c m | |($<g> A+ v Vn|#iv($® A+ y Vm)>| ■ (H8) 



n,m— irtQ 
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Combining the eigenvalue equation (-Hjv-i — ^n-i) $ = with Lemmata 17. lf - 
17.41 Hypothesis El and (I103p . we find some 5 > such that the scalar product 
in ( 11161) is bounded from above by — o~oR m \ + o(i?~p), as m gets large. Here 
the numbers R\, R2, . . . are those appearing in Hypothesis El Lemmata 17.51 
and 17.61 imply that the scalar products in (j!17p and f 1 11 8 j) are of order 0(R~£), 
as m — > 00, for every K G N. By the Cauchy-Schwarz inequality we find some 
5' Q > such that 

mo+d 



(*\H N V) ^ -5' l c " 



n—mo 



for all c mo , . . . , c mo+ d G C, if m is sufficiently large (depending on d). This 
concludes the induction step. 

Finally, the case N = 1 is treated in the same way as the induction step 
N -> N + 1 (setting g£ := and ignoring $, VF, and the term (JTTTJ) ) . I 

To show that the contribution coming from the (one-particle) kinetic en- 
ergy of i/j n decreases faster than its negative potential energy we make use of 
the requirement that the ip n have vanishing lower spinor components, ip n = 
C0n,ij ^71,2) 0, 0) T , n G N. This has also been used in [30] together with explicite 
formulas for A|j~. We replace these arguments by the following observation: 



7.1 Lemma. There is some C G (0, 00) such that 

*c (A+Vn|(A4-l)A^n) s= C R~ 2 



n G N 



Proof: Since the last two components of ip n are zero we have (/3 — 1) ijj n — 0. 
If we denote the projection onto the first two spinor components, L 2 (R 3 , C 4 ) 3 
(</?i, v?2, ^3, V ? 4) T !->■ (<£>i, <^2, 0, 0) T , by p then we also have paiijj n = = 
p«i 9iVn> z = 1,2, 3, and, therefore, p (D^ — 1) ijj n — 0. Moreover, [p , Z?^] = 
and, hence, [p, l-D^I -1 ] = 0. This implies 

|(A+Vn| (Da- l) A£Vn)| 

1 1 

- ( Vn I P (£>A - 1) Ipn ) + ^ \ 8gn(D A )lp n | (^A - l) Ipn ) 
^((Dx-IJ^IPaI -1 (^A-l) 



+ 



= 0(1/ Rl) . 
In the last step we apply Hypothesis El 



^ i||(D A -l)VnH 2 
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In the following we split Vc into a singular and regular part, Vq = Vq + Vq, 
where Vq is defined in (|28[) . By Hypothesis [T] Vq is bounded. 

7.2 Lemma. As n tends to infinity, 

(AX V 1pn\{D A , Vc -l)AX V 1pn) 

= (A£^n|VSA£vVn) + (A+Vn|pA-l)AlVn> + o{R~ l ) . 

Proof: We let % n , n G N, denote the cut-off functions introduced in the para- 
graph preceeding Lemma 16.11 Then the assertion follows from Corollary 13.151 
applied to Da,v% ~ 1 with ( = Xn, since by Lemma ITU and Hypothesis [21 

(IIX» V|| + ||Vx„||) V / <A+^|( J D A -l)A+^>||^ n ||2 = o(R^) . 

■ 

In the next lemma we single out the leading order negative contribution to 

7.3 Lemma. There is some constant C G (0, oo) such that, for all sufficiently 
large n G N, 

(A+ v Vn|VgA+ v Vn) < v^Rn) ||A+ y ^ n f + C e~ R " /c , 
where R n ) is given by ( 1251 . 

Proof: We pick some even function / G C°°([R, [0, oo)) such that / = 1 on 
[5,oo), f = on [0,5/2], and \f'\ sC 4/5. (Recall ®.) For some a G 
(0,5 min{A , m}/4), we define exponential weights, F n (x) := aR n f(\x\/Rn), 
n G N. Using the notation introduced in (T54j)&(j25l) we then obtain, for all 
sufficiently large n G N, 

(A+^nl^A+^Vn) ^ {A + Ay ^ n \t Ss{Rn) V^A% v ij n ) 

+ \\V6\\ \\t^\s s (R n )e- Fn \\ || e F " A+ y e~ F " || . 
where, by (1251) and Pythagoras' theorem, 

(A+ y V n |l5 5 (ii„)VSA+ y Vn> 

^ f*(5,i? n ) ( || A£ v Vn f - II lR 3 \5,(fl„) A £y^n f) 

< v*(6,Rn) || A+ y V„|| 2 + |^(5,i? n )| ||l R 3^ (fin) e- F "|| 2 ||e F "A+ y e- F " || 2 . 

By (J24D, and the choice of F n we know that || l R 3\ Ss (R n ) e~ Fn || < C e - aSRn ' 2 , 
which implies the assertion of the lemma. ■ 
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From now on, we always assume that the induction hypothesis made in 
the proof of Theorem 12.91 is fulfilled and that $ is a normalized ground state 
eigenvector of H$_ v So, H$_ x $ = g£_ x $, g$_ x < <?j£_ 2 + l. Given 5 G (0, 
we pick some e G (0, 1) as in Hypothesising). Then the following assertion is 
valid: 

7.4 Lemma. As n tends to infinity, we have, for 1 ^ % ^ N — 1, 

( $ <g> A\ y ip n | W iN $ ® Aiy^n ) < sup ^^HA+v^ir + O^ 00 ). 

(l-e)fln 

Proof: This follows from Lemma [6.41 with T n (y) = f R3(N - 2 ) \®(y, X')\ 2 dX' and 
the exponential decay of $, which is ensured by Theorem 12.41 and the induction 
hypothesis. ■ 

Now, we turn to the discussion of the terms in (11171) . 

7.5 Lemma. As n and m tend to infinity, 

o-nm ■= \(Tri N ($®A% v ilJ n )\H N (<S>®A+ )V il; m )}\ = 0(R^ {nm} ) . 

Proof: We pick x £ Co°(IR 3 5 [0, 1]) such that x = 1 on #i/ 4 (0) and % = outside 
^1/2(0) and set Xn '■= x{ ' /Rn) and x n := 1 — Xn, for n G N. As in [3U] we find 



Or, 



{x„A+ y V„}®$ <$>®{(p A y c -\)A\ y ^ m } 

iV-1 

+ S |({^ A Ay^n} ®$ W tN ^(g)(A+ y ^m 



i=l 
AT-1 



+ E I \ { A t^l ® * I W ™ &n $ ) ® ( A Xv *Pr, 
i=l 

N-l N-l 



i=l i=l 

For the first two summands we find 



Y 1 +Y 2 < ||(D A ,y c -l)A+ y ^ m || (||XnA+ y Vn|| + || x£° $ ||) , 

where the right side is of order OyR^r n m \) due to the exponential localization 
of $ and the support properties of ip n and Xn- Moreover, we observe that, for 
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z = 2,...,iV-l, 

Y 3t <: || Xn A+ y ^||||^ 2 $||||$|| supll^A+^^ll, 

■yeR 3 

Yu < llA+^nllll^^llllxi 1 ^!! sup||^ A + y ^ m ||. 

yeR 3 

Here the norms $||, i = 2, . . . , N — 1, are actually finite since $ G 

Ker(i/jv-i — <£jv-i) implies 

for some constant C G (0, oo). Finally, 

y 3 l < SUp || W^Xn A% V 4>n || \\n 2 SUp || A+ y ^ m \\ , 

yeR 3 yeR 3 

y 41 < sup || W; 1 / 2 A+ y V. || ll^ll llx^^H sup||V^/ 2 A+^m||- 

yeR 3 yeR 3 

We pick / G C°°(R, [0, oo)) such that / = on [l,oo), / = 1 on (-oo, 1/2], 
and -3 ^ /' ^ 0, and set F n (x) = a R n f '{\x\ / 'R n ) , x G R 3 , n G N, where 
a G (0, min{A , m}/3). Since XnV'n = 0, we find 

SUp || W^Xn^A.V^nW 
yeR 3 

^ sup e" F " sup || W y 1/2 [A+ v , X n e Fn ] e~ F " || \\i/> n \\ • 

\x\^R„/2 yeR 3 

This estimate, the exponential decay of $, and Lemma 13.131 imply that the 
terms Y 3i and 1 ^ i ^ N — 1, vanish of order 0{R~^?, n m yj also. ■ 

Finally, we discuss the terms in (11181) . 

7.6 Lemma. As n tends to infinity, it holds, for all m > n, 

| < $ ® A+ v ip n \H N {$® A+ y ^ m ) ) | = 0(i?;°°) . 

Proof: We pick a family of smooth weight functions, {F k i} k ^^, such that 
Fke = on supp(^fc), is constant outside some ball containing supp(^fc) 
and supp(V^), IIVF^H^ ^ a < 1, and 

gu : = \\ e -FM-Ftk W^^C e~ a ' min {^'^> , k, I G N , 
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where a, a' G (0, 1) and C G (0, oo) do not depend on k, £ G N. In view of ([26 
it is easy to see that such a family exists. Then we observe that 

«C |<A+ y V n | (D A) y-l)Vm>| + \(^% v ^n\(V n + V E )AX v ip m )\ 

l<i<jV 

< 3nm || e F " m k\y e~ Fnm || ||V„|| { || {D A ,V - 1) || 

+ \\(ia- VF mn + Vk + [e F ™ , V E ] e~ F ™ )ip m \\} 
+ 9nm\\ e F ™ (Vk + V E ) e~ F ™ || sup || e F « A+ y e" F « ^ k f 



+ <? nm (N - 1) sup sup || W X J 2 e F « A+ v e~ Fke 



2 



By virtue of Proposition 13.111 and Lemma 13.131 we know that all terms behind 
the factors g nm appearing here are uniformly bounded which shows that the 
assertion holds true. ■ 

Applying the above arguments in an easier situation we obtain the following 
lemma. 

7.7 Lemma. For every d G N ; there is some n G N such that the set of vectors 
{An(& <8> A\ v ^ n )}n=rn Js hnearly independent, for all m G N, m ^ n . 

Proof: We pick \l/ as in (11151) and estimate \\^\\ 2 from below by an obvious 
analogue of (I116p - (lll8j) with H N replaced by the identity. Now, by virtue of 
Lemma IB~2l there is some m\ G N such that ||<& <g> Aj[ v i/j n \\ = ||A^y^ n || ^ 1/2, 
for all n ^ mi. The proof of Lemma [7.51 shows that 

|<7ritf($®AXvV»)|*®A£vtfc»>| = C(^ {nM ). 

Furthermore, by employing the exponential weights from the proof of Lemma [7TB1 
we see that 

|($®A+ y ^|$®A+ y Vm)| = |(^|A+ y ^ m )| ^ Ce -™*{RM/c ^ 

Altogether we find some C G (0, oo) such that, for d G N and all sufficiently 
large m G N, 

|i\T/||2 > _ i c |2 l )_ I i| c I i c |i c I 

1 1 1 1 ^ 2 / j I n I ^> / j I u n 1 1 u m | ^ / j | Wi | | °m | • 

n=m m ° n,m=m m ° ";m=m 

Hence, the Cauchy-Schwarz inequality implies that, for sufficiently large mo, \P 
in (1115p is zero if and only if c mo = . . . = c mo+ d = 0. ■ 
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A Proofs of Proposition 13.111 and Lemma 



XT3 



First, we recall a usefull resolvent identity. We remind the reader that = 
S \Vq\ denotes the polar decomposition of the potential defined in ( 1281) and set 

M(z) := \V^' 2 R {z) |Vg| 1/2 , z G q(D q ) . (119) 

A.l Lemma. ( $ZE\, Mi H2] ) Assume that V c fulfills Hypothesis^ and let V£ 
be given by ([2"H]) . Then there exist r) > and 70 G (7, 1) such that, for every 
77 G R \ (—770,770), we iave ||M(i?7)|| ^ 70 and 

Roys(iv) = Miv) - R$n) {V^ 2 (l + 5 M^)" 1 5 |V^| 1/2 ^o(^) • (120) 

Notes: The inequality || | • |~ 1 / 2 i?o(^) | • | -1 ^ 2 || ^ 1 has been conjectured in 
[3"T] and proved in By means of this inequality and the arguments of [3"2l 
Pages 2&3 (with A; s = 1)] we find some 70 G (7,1) such that ||M(i/7)|| ^ 70 
provided 1 77 1 is large enough. The resolvent formula (11201) then follows from [3TL 
Lemma 2.2 & Theorem 2.2]. ■ 

Proof of Proposition ^ . 1 1\ We pick some ( G C^(R 3 , [0, 1]) such that ( — 1 in 
a neighbourhood of y and supp(C) <s M . We set ( := 1 — (. Moreover, we pick 
some q G C£°(R 3 , [0,1]) with q = 1 on £>i/ 2 (0) and supp(^) C Bi(0) and set 
^(x) := q{x — y), x G R 3 . On account of Proposition 13.61 it suffices to consider 

{ ey W^<t>\[h% v ,e F X }e- F ^) 

= /(^< 2 H CT( ^27 + J r (^ /2 <i>\cT(z)^)^m) 

for G ^(R 3 , C 4 ) and ^ G JT, where, by (06]) and ([55]), 

T(z) := R Ay (z)fe F R AyV (z)e- F , zeT, (122) 
f := ^a-( X VF + V X ) + [e F x,^ E ]e- F = 0(||V X ||oo + a).(123) 

To study the first integral in (I12ip we write, using 



(R A ,v(z) = CR Qy& (z) + R 0tV s( Z )ia-VC(R Q ys(z)-R A y(z)) 
- R oy6 (z) C { V - V£ + a ■ A } R Ay {z) , 

where Vg = S\V%\ is defined in (J2HD- Since V(D y £ ) C if^R 3 ,^) due to 
Lemma [3.2( e) we find C, C G (0, 00) such that, for all y G R 3 and all zGT, 

ll^iW^II ^ CM||D | 1/2 iWz)|| ^ C. (124) 
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By definition of T(z) and T and by fl38|) we thus have 



W l J 2 , 



C { T{z) - R ,v 6 (z) T e F R Ay (z) e~ F } i> 

drj 



\dz\ 
~27 



^ (a+||Vx||oo) 



1 + v 2 



(125) 



To treat the remaining part of the first integral in (11211) we employ the first 
resolvent formula and (11201) to obtain, for rj G R with \rj\ ^ r] Q and z = + irj 
(rjo is the parameter appearing in Lemma IA.1I) , 

Ro,v&(z) = Rotfv) + e o Roy^(z) Roys {irj) (126) 

r^v)WSF 2 (i + smW))" 1 s \v^ 2 |D r 1/2 1 A)| 1/2 Roiiv) ■ 



Here the operator (1 + 5* M(irj)) 1 is uniformly bounded for \rj\ ^ 1] Q . Moreover, 



Wl' 2 R {i7]) \V^I 2 II < C 



(127) 



uniformly in y G R 3 and rj G R, which is a simple consequence of Kato's 
inequality. In view of (jl25j) . (I126p . and (|5*U|) it is therefore clear that it suffices 
to discuss the contribution coming from the bare resolvent Ro(irj) in (1126ft . 
On account of (1381) . (l4"9j) . and (11231) we find by means of the Cauchy-Schwarz 
inequality, 



J | ( RoHv) Wl' 2 Qy C I T e F R A y(e + irj) e~ F $ 



drj 
2^ 



< IITHlKlDol-^Wj^^C 



0(a+||V X |U) 



Since the remaining part of the integral over {\rj\ < r] } does not pose any 
further problem, we see altogether that the first integral in (11211) is absolutely 
convergent and of order C(||Vx||oo + a)- 

Next, we treat the second integral on the right side of ( 11211) . Since we 
eventually have to change the gauge locally, we pick a (smooth) partition of 
unity, {J u }uez 3 , on IR 3 such that supp(J^) C B\(u), for every v G Z 3 . We can 
certainly assume that XLez 3 l^^l ^ C, for some C G (0, oo). We set 

&( X ) := {ve Z 3 : JuXt^O}, ji := J] J v , /Z:=l-/i, 
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so that 11 x — Xi A t X = 0, and re- write the operator defined in (11231) as 

f = ia-(xVF + Vx) + x[e F , V E }e~ F + [ X , V E ] 

= fi{ia-{ X VF + Vx) +x[e F , V E ] e~ F + [ X , V E ]} - {jlV E x} V 
= : nU x -U 2 n= (JvUi-UzJ*)- 

For every v G Z 3 , there is some gauge potential, g v G C 2 (R 3 , R), such that 
A — Vg v = A v , where A v is defined by 



AJx) :-- 



[ B(y + t(x-u)) At{ 
Jo 



x — v)dt, x G R 3 



:i28) 



By virtue of ( 1331) we obtain with A v := Vg u , 

Q y (R A ,v(z)T = 22 Qy1 R Ay{z){JuU 1 -U 2 Ju) 

= QvCRa v (z)(J»Ui-U 2 Jv) 



+ RA v ( z ) ia -^^yO(RA v ( z )- R AA z ))(^ u i- u 2 J ^ 

v&Six) 

RA^QvCiV + a-A^R^v^iJuUx-^Ju) (129) 
-: Si + S 2 — S3 . 



The proof of Proposition 13 . 1 II is finished as soon as we have shown the following 
lemma. 

A. 2 Lemma. In the situation above there exists a x~ and F -independent con- 
stant, C ao G (0,oo), such that, for j = 1,2,3, 



Sj e F Ra,v(z) e F i/j 



\dz\ 



^ C ao (l + mm{\B(y)\, \\B lU.j) (|| Vx||oo + a) 



Proof of Lemma \A.2c In our estimations below, that involve non-local op- 
erators, we exploit the fact that the interference between spatially seperated 
regions decays exponentially Therefore, we start by introducing appropriate 
exponential weight functions: We pick some a G (r, min{ Aq, m}) and a convex, 
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even function / G C°°(R, [0, oo)) such that / = on [-2, 2], f(t) = a\t\ - 3a, 
for |t| > 4, and < /' < 1 on (0,oo). We define f v {x) := f{\x - u\), 
x G R 3 , so that f u = on £> 2 (z/) and f u ^ a dist( -, £> 2 (z^)) — a with equal- 
ity outside £> 4 (z/). Moreover, |V/j,| ^ a. We further pick some non-decreasing 
9 G C°°(R, R) such that 6(t) = t, for t < 1, = 2 on [3, oo) and 0' ^ 1. We 
set 0„ )2/ (t) := — 2/1 + 1) 6> (t/(|zv - y\ + 1)), t G R, and := 0^ o /„, so 
that is bounded, = f u ^ adist( • , £>2<V)) — a on £>i(?/) D supp(^), and 
\Vfv, y \ ^ By construction ef"< y J v = J u . Setting 

fuM : = { J v U i - eU ' v U 2 e ~ f "' v J ») eF Ra,v(z) e~ F i) 
we thus have 



{Ju Ui - U 2 J,) e F R A ,v{z) e~ F i> = e~ f ^ ip VjV {z) . 
Observing that fix = implies 

and employing ffTTj) and flHHl) we further find some constant C G (0, oo) such 
that, for all z = e + if] G T, v G Z 3 , and ?/ G R 3 , 



«+l|Vx||c 



Taking these remarks into account we obtain 



(130) 



Now, since A u = Vg u is a gradient we have curlAj, = 0, whence (IT7|) . and 
Hardy's inequality imply 

\\W y ip\\ ^ C\\V{e i9v <p) || = C || HV + I„)y|| ^ C|| |D X |^|| , 

for (p El @, with some z/- and ^-independent constant C G (0, oo). Standard 
arguments now imply that \D^\~ x l 2 Wy is a bounded operator whose norm 
is uniformly bounded in v and y. Setting 

0, := \D x X l/2 W l y /2 {Q y e-MC^ 
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and applying ( 145]) we thus find 

1/2 



E (/ r ll ^ \ d aJ 1/2 ^ h 2 1^1 



^(z) I) \dz\ 
C E W(a+||VxlU)(/ t 



1/2 

^77 \ 1/2 



< C" E sup {e-'-*<*> : x G B^y)} ||0|| (o+||Vx||oo) 

< (T(a+||Vx||oo)IHIW- 

For J 2 , w e obtain the estimate by means of fl50|) . fl38l) . and (I130p . 



< E / r H||i^r 1/2 < 2 ||ii0ii||i^ij 1/2 ^ 
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• || |V(^C)I e-^» || || e'"" - ^W) e"'- || || || 

< C (HVxIloo + a) E SU P : * e ll^ll IMI 

< C"(||Vx||oc + a) 

To derive a bound on J3 we employ the special properties of the gauge trans- 
formed vector potentials A v . Namely, we make use of the bound 

Q v {x)e- f ^\A v (x)\ ^(x)^y^(6 ie - (a - r)l ^ l+3S +| J B(z/)|e- s| ^ l+3a ), 

(131) 

for all v G Z 3 and x G R 3 , which follows from (123"]) . Since also |-B(z/)| ^ 
|-B(y)| + — B(y)\ and |x — y\ ^ 1, if ^(x) 7^ 0, we infer again from ( |23l) 

that 

E H^e-^I^HL ( 132 ) 



C V e - a l^l(l+min{| J B( 2/ )|, sup \B(u)\} 



for some sufficiently small a > 0. Using these observations and the uniform 
boundedness of ( e^"' v V e~f"' y , which is implied by Hypothesis [2] and the choice 
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of (, we find some x~, and y-independent constant C G (0, oo) such that 

J 3 < E /ll%(«)^lliHi{lk e " / ^ILII^ Ve " / " ,, 'll 

+ || ^e - ^* \A„\ 11^} || -Ra,v(^) e - ^" || \\$ v>y (z) \\ \dz\ 
< C" (l + min {|B(y)| , ||S |L )X }) (||V X ||oo + a) ||0|| |H| . 

This completes the proof of Lemma IA.2I and, at the same time, the proof of 
Proposition 13. Ill (The last assertion of Proposition 13.111 follows by inspecting 
the arguments above.) ■ 

Proof of Lemma \3.13[ We use the notation introduced in the proofs of Proposi- 
tion EHI] and Lemma [A. 21 in the following. We already know from Corollary [32] 
that the vector A.\ v ip belongs to V(Wy ), but we do not have any control on 
the norm on the left in (1661) yet. It is certainly sufficient to derive the asserted 
bound with W^ 2 replaced by g y Wy . As in the proof of Corollary 13.91 we 
first pick some ( G C^°(R 3 , [0, 1]) (independent of if)) such that ( = 1 on some 
large open ball containing y and set ( = 1 — (. By the closed graph theorem 
\D \ l / 2 C,R A y{i) is bounded whence 

IKW^CA+^II < C\\\D Q \ l l 2 tR A y{i)\\\\{D Ay -i)if>\\. 

We denote the characteristic function of the support of if) by x- To treat the 
remaining piece of the norm we set 

V>„ := A.\ y (D Ay -i)j u if), 

and write analogously to (11291) . 

IW 2 0kcA£v^>| < E IW 2 ^kc%(*)i)| 
+ E K^^I^(o«-v(^c)(^v(o-^(0)^>| 

+ E \(Wy 2 <f>\R Av (i)g y C{V + a-A v )R AiV (i)^ u )\ 
=■■ Qi + Q 2 + Qs, 
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where e if 1//2 (R 3 , C 4 ). A gain we use exponential weights constructed in the 
beginning of the proof of Lemma IA.2I and abbreviate 

iv, v ■= {e fv ' y h% v e~ f "- y ) e u - y {D Ay - i)e~ f "- y J u if) , 

so that by Corollary 13.71 

\$„J ^ C\\ (D AV - z) V || + 0(\\VJ u \U + 5) U\\ ^ C || (D Ay 

where C, C G (0, oo) neither depend on v nor y. Using also (HUj) we thus obtain 

Gi < E IH^I" 1/2 w; 1/2 lll|e«e-^||W 

■ || I^J^e^^^e"^ || ||fe,J 

< c" ii^iilK^-i)^!!. 

Using (11321) we further find 

^3 < £ lli^r 1/2 < 2 llii^illi^J 1/2 ^«ll 

' { II ft/e"^" L HCe^Fe-^" || + || ^ e"^ \\&J 

< C" (l + min {|S(y)| , ||£ H^}) ||0|| || (D Ay - i) if> \\ . 

The remaining term, Q 2 , can be dealt with similarly. ■ 
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